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CHAPTER I 
FORMULATION OF THE PROBLEM 
The current challenge for more effective teaching of 
mathematics suggests such questions as these: 
How can the high school student be given a sound 
introduction to the nature of proof and an awareness 
of its importance? -
How would a study oflogic affect the student's 
power to master geometry concepts? 
How would training in logic influence the student's 
power to analyze non-mathematical problems? 
I. THE PROBLEM 
Statement of the problem. This study proposed, 
primarily, to determine by experiment how the study of sym-
bolic logic would affect the student's achievement in geo-
metry. Secondarily, it was designed to test the influence 
of the study of logic on the student's power to solve non-
mathematical problems. As a means of teaching the nature 
and value of proof, the study presented a unit on symbolic 
logic taught in conjunction with geometry. 
Primarx hypotheses. To answer the main question, a 
series of null hypotheses was set up: 
1. There is no significant difference in geometry 
achievement whether the student has studied 
logic or not. 
2. There is no significant difference in geometry 
achievement whether the student has studied a 
logic unit at the beginning of the geometry 
course or not studied logic at all. 
3. There is no significant difference in geometry 
achievement whether the student has studied 
logic interspersed with geometry or not studied 
logic at all. 
2 
4. There is no significant difference in geometry 
achievement whether the logic is studied as a 
unit or is spread out over the study of geometry. 
5. There is no significant difference in geometry 
achievement among students of the same or different 
I. Q. levels whether they have studied logic by 
either method or not at a11. 1 
6. There is no significant difference in geometry 
achievement among students of the same or dif-
ferent reading abilities whether they have studied 
logic or not. 
1. There is no significant difference in geometry 
achievement among students of different I. Q. 
levels and the same or different reading ability 
levels whether they have studied logic or not. 
8. There is no significant difference in geometry 
1cf. Appendix H for subdivisions of hypotheses 5, 6, 7, 
and 8. 
achievement among students of different reading 
ability levels and the same or different I. Q. 
levels whether they have studied logic or not. 
Secondary hypotheses. To investigate the secondary 
question, the following hypotheses were set up: 
1. There is no difference in ability to solve non-
mathematical problems between students who have 
3 
studied logic with geometry and students who have 
not studied logic with geometry. 
2. There is no difference in ability to solve non-
mathematical problems between students who have 
studied logic as a unit and students who have 
studied it concurrently with geometry. 
II. JUSTIFICATION OF THE EXPERIMENT 
How vital the problem is can be determined by the present 
demand not only for manipulative skills in mathematics but 
also for mastery of concept and the consequent of this mastery, 
mathematical creativity. With the revival of mathematical 
rigor and the present emphasis on foundations in mathematics, 
logic has come to the foreground. Current texts adaptable to 
college freshmen have introduced suitable chapters on logic~ 
2c. B. Allendoerfer and c. o. Oakley, Fundamentals of 
Freshman Mathematics (New·York: McGraw-Hill Book Company-,-
Inc., 1959), Chapter I; Samuel I. Altwerger, Modern Mathe-
matics, ~ Introduction (New York: The Macmillan Company, 
4 
On the secondary level one of the current school mathematics 
revision programs, the "Ball State Experiment," has included 
a large unit on logic in the geometry text published after 
a trial of five years.3 Authors of other geometry texts too, 
such as Welchons and Krickenberger, have included sections 
on principles of logic.4 Geometry teachers and researchers 
have long anticipated the present stress on concept as well 
as content. One of their chief objectives has been to de-
velop reflective thinking as was evident in Harold P. Fawcett's 
doctoral dissertation, The Nature of Proof.5 
The possibility, then, of using logic to improve crit-
ical thinking in general and geometry achievement in particular 
naturally suggested itself. To a high school teacher of mathe-
matics this study has afforded an opportunity to contribute to 
current investigations within the limits of her interests and 
training. 
1960), Chapter V; Kenneth o. May, Elements of Modern Mathematics 
(Reading, Massachusetts: Addison-Wesley Publishing Company, 
Inc., 1959), Chapter II; Moses Richardson, Fundamentals of Mathe-
matics (New York: The Macmillan Company, 1958, Revised Edition), 
Chapter II; Edward Russell Stabler, An Introduction to Mathe-
matical Thought (Cambridge, Massachusetts: Addison-W6s1ey Pub-
lishing Company, 1953), Chapters III, IV. 
3charles F. Brumfriel, Robert Eicholz, and Merrill E. 
Shanks, Geometry (Reading, Massachusetts: Addison-Wesley 
Publishing Company, Inc., 1960), Chapter II. 
4Welchons and Krickenberger, New Plane Geometry (Boston: 
Ginn and Company, 1959), pp. 108-llr:-
5Harold P. Fawcett, The Nature of Proof, The National 
Council of Teachers of Mathematics, Tne Thirteenth Yearbook 
(New York: Bureau of Publications, Teachers College, Columbia 
University, 1938). 
5 
III. SCOPE OF THE STUDY 
Three hundred twenty-four sophomores in thirteen public 
and private New England high schools were the subjects of the 
present investigation. Two experimental groups studied sym-
bolic logic,6 one group taking it as a unit at the beginning 
of their geometry course, and the other group taking it inter-
spersed with geometry. A control group studied no logic. 
All three groups took a pre-test on non-mathematical problems 
at the beginning of the first semester and a post-test at the 
end. A logic test was administered to the experimental groups 
when they had completed the unit on logic. All took a geo-
metry test at the end of the second semester. A simple analysis 
of varianc~ followed by t-tests, served to determine differ-
ences of means in non-mathematical ability among the groups. 
An analysis of variance with a 33 factorial design tested for 
differences in geometry achievement. 
IV. ORGANIZATION 
Chapter II reviews the related literature. The experi-
mental plan makes up Chapter III which discusses the sampling, 
explains the experimental unit, and describes the statistical 
model. Chapter IV presents and analyzes the data derived from 
pre-test scores, post-test scores, and geometry scores. It 
6cf. Appendix A 
6 
also summarizes the comments of teachers who participated in 
the experiment. The summary and conclusions, including sug-
gestions for further research, constitute Chapter V. 
CHAPTER II 
BACKGROUND OF THE PROBLEM 
I. RELATED RESEARCH 
Previous studies. Similar experiments have been made 
before. Fawcett1 worked with an experimental group of twenty-
five students and a control group of twenty-five. He led the 
former group to "build up" a mathematical system--undefined 
terms, definitions (of their own making), axioms, assumptions, 
and theorems. They "discovered their own proofs." Perform-
ance of these students on the April, 1936 Ohio Every Pupil 
Test in Geometry showed that his "nature of proof" method 
produced results far superior to the all-over state results. 
Previous to Fawcett, Elsie Parker2 and Winona Perry3 
had made similar studies. Both of these were directed, how-
ever, toward a psychological rather than a logical approach 
to proof and the concepts of geometry. Before Fawcett's ex-
periment also, Vera Sanford in her regular mathematics classes 
had tried to bridge the gap between intuitive and demonstrative 
geometry by leading her junior high students to "discover" 
lFawcett, ~· cit. 
2Elsie Parker, "Teaching Pupils the Conscious Use of a 
Technique of Thinking," The Mathematics Teacher, 17 (April, 
1924), pp. 191-201. ---
3winona Perry, A Study in the Psychology of Learning 
Geometry (New York: -Bureau 01 PUOlications, Teachers College, 
Columbia University, 1925). 
8 
theorems on a basis of logic.4 She introduced, for example, 
the idea of use and misuse of the converse. 
In 1943 Kapenhaver followed up Fawcett's line of ex-
periment with a study comparing the effectiveness of the 
"nature of proof" method with the "conventional" method.5 
His findings also favored the former. 
More recently, Sobel has done like experimentation in 
algebra. 6 He used fourteen classes to compare the abstract, 
verbalized, deductive method with the concrete, non-verbalized, 
inductive procedure. He found that pupils in the high I. Q. 
bracket learned equally well with both methods, but that the 
average students profited by the 'tiiscovery" method. 
Jacobs compared the formal and informal methods in 
geometry by experimenting in a dozen schools in the vicinity 
4vera Sanford, The Teaching of Geometry, The National 
Council of Teachers or-Mathematics-,-The Fifth Yearbook (New 
York: Bureau of Publications, Teachers College, Columbia 
University, 1931). 
5chester v. Kapenhaver, A Comparative Study of the 
"Nature of Proof" and a Conventional Method of Teacniilg-Plane 
Geometrfi:-unpublished noctor's Dissertation,""""\Philadelphia: 
Temple niversity, 1943). 
6Max A. Sobel, A Comparison of Two Methods of Teaching 
Certain Topics in Ninth Grade Algebra~npublished""""Doctoral 
Dissertation {New York: Bureau of Publications, Teachers 
College, Columbia University, 1954). 
9 
of Boston.7 His results were not conclusive. 
Heinke used principles and operations of logic--converse, 
inverse, contrapositive, and duality--in teaching a plane geo-
metry class. He led students to "discover" theorems relating 
to parallel lines, polygons, ratio and proportion, and con-
gruences.8 
Without using experimental techniques, Gertrude Hendrix 
"tried out" some logic in her eleventh grade solid geometry 
class. She taught logic equivalence and used truth tables. 
She wrote: 
Students soon became adept and spontaneous in recast-
ing a theorem into its contrapositives ••• they 
regard the proof then not as an indirect proof of the 
original theorem, but as the direct proof of one of 
its logical equivalents.9 
The Ball State experimental program has included a full 
unit of logic in both algebra and geometry. Brumfriel remarked: 
In these chapters the student is taught to understand 
some of the basic forms of logical reasoning without 
trying to develop an elaborate symbolism. • • • Every 
7John W. Jacobs, An Experiment in the Teaching of Plane 
Geometry Comparing the Permal Method with the Informal Method, 
Unpublished Service Paper (Boston: Boston University School 
of Education, 1949). 
8clarence Heinke, Discovery in Geometrf through the 
Process of Variation, Doctoral DissertationOhio: Ohio State 
University), as described in Dissertation Abstracts, 185 (March, 
1958), pp. 886-889. 
9Gertrude Hendrix "Developing a Logical Concept in 
Elementary Mathematics,b The Mathematics Teacher, 48 (December, 
1955), p. 542. 
effort is made ••• to develop the student's power to 
make proofs from clearly stated assumptions We think 
that time spent on logic "pays for itself.'tiO 
10 
Although no measurements have been made on this program or 
on the effect of the logic in it, Brumfriel did say: nweak 
students who cannot follow patterns of precise logical 
reasoning seem to perform as well in the experimental course 
as in the traditional course.nll 
Suggestion for the present study. Kenneth J. Rose 
aimed an experiment at answering two questions: "Can sym-
bolic logic be taught effectively at the secondary school 
level?" and if so, "Can the subject matter be organized in 
such a way as to be self-teaching?" In his group of juniors 
and seniors both questions were answered in the affirmative. 
Rose suggested that "an interesting study would be an ex-
periment to determine whether a background in symbolic logic 
would lead to greater understanding and more meaningful 
learning on the part of the student in plane geometry.n12 
gram," 
lOcharles F. Brumfriel, "Ball State Experimental Pro-
The Mathematics Teacher, 53 (February, 1960), p. 75. 
11Brumtriel, loc. cit. 
12Kenneth J. Rose, An Experiment in Teaching Symbolic 
in the Secondary School, Unpublished Paper (Boston: Boston 
University School of Education, 1960). 
11 
II. OTHER RELATED LITERATURE 
Nature of proof. Any study involving logic is intim-
ately concerned with the nature of proof. Emphasis on proof 
has been apparent in the mathematical thinking of the last 
few years. As Sister Elizabeth Louise noted: 
One way this understanding of concepts and relation-
ships can be strengthened is by the use of the in-
ductive or discovery method, in which the student is 
stimulated to arrive at generalizations and mathe-
matical princi~les through his own efforts •••• But, 
you will say, Letting the students discover for them-
selves is so time-consuming!" Yes, but is it not time 
well spent? Time which yields dividends? First, it re-
sults generally in a deeper understanding of the prin-
ciples involved, and, second, ••• the student has 
experienced the thrill of mathematical discovery. What 
does it matter to him if the principle has been known 
for one hundred years? It is new to him and he has dis-
covered it. It is in .situations such as this that the 
creative genius of our future mathematicians first shows 
itself. The average student too will show more interest 
and enthusiasm for the study of mathematics.l3 
According to Allendoerfer: 
Since the deductive method is an essential part of 
modern mathematical thinking, the teacher should use 
every opportunity to illustrate it in every aspect of 
her work. Illustration, however, is probably not 
enough to teach the students the essential structure 
of a deductive system. At some stage in the high school 
mathematics curriculum there should be a serious dis-
cussion of deductive systems per ~, and later applica-
tions of this to mathematics and to non-mathematical 
13sister Elizabeth Louise, S.N.D., "current Trends in 
the Teaching of Mathematics," National Catholic Educational 
Association Bulletin, Report.of the Proceedings and Addresses 
Fifty-seventh Annual Meeting,~hicago, Illinois, April 19-22, 
1960, LVII (August, 1960), p. 299. 
situations should be used to reinforce the un
4
derstand-
ing of the students about deductive methods.l 
12 
He proposed the build-up of a mathematical structure in the 
same manner as Fawcett,l5 but he introduced T and F as un-
defined tags to label propositions. In general he advocated 
the use of the basic tools of logic--the propositional cal-
culus--in mathematical proof. 
Again, Berger, claiming that the logic of deduction is 
often hidden in the steps of formal proofs of geometry as it 
is now taught, advocated a new method in keeping with modern 
curriculum proposals to focus attention on logic and mathe-
matical structure.16 At each stage of the proof he restated 
the particular assumptions and given data to be used to make 
the next deduction. 
This format was in keeping with the suggestions of the 
Commission on Mathematics: 
To teach the new geometry course, most teachers will 
need to review their knowledge of the foundations of 
Euclidean geometry and acquire or bring up to date 
their understanding of the underlying logic of deduc-
tive proof.l7 
14carl B. Allendoerfer, Deductive Methods in Mathematics, 
Insights into Modern Mathematics, the National Council of 
Teachers of Mathematics, Twenty-third Yearbook (1957), p. 66. 
15Harold P. Fawcett, ££• cit. 
l6E. Berger, "Proofs with a New Format," The Mathematics 
Teacher, 52 (May, 1959), 371. 
l7Commission on Mathematics of the College Entrance 
Examination Board, Modernizing the Mathematics Curriculum, 
C. E. E. B. Booklet {New York: 1958), p. 10. 
One of the goals that the Commission set down was 
• • • the understanding of the deductive method as 
a method of thought. This includes the abstraction 
of mathematical models from the outside world, just 
as Euclidean geometry is a model of our physical 
space. It also includes the idea of axioms, logical 
reasoning, methods of proof, and the relationship 
between proved theorems and physical reality.l8 
In the "Introduction to Insights into Modern Mathe-
matics, Newsom asserted: 
The mathematician is less concerned with the solution 
of specific problems than he is with the development 
of general patterns that have widespread applicability 
in the study of particular situations.l9 
Gould, in the same volume, repeated: 
Since the time of Euclid (300 B. c.), a mathematical 
proof, based on precise axioms stated in advance, has 
been regarded as the model of perfection for all other 
reasoning.20 
He claimed further 
The value of logical proof is not so much that it 
corrobQrates experience as that it raises new ques-
tions.21 
13 
On this issue Kenneth May also goes back to ancient 
Greece. He pointed out that while most of the theorems were 
known before Euclid's time, that mathematician's main achieve-
18 _______ , Objectives of the Commission ££ Mathematics 
19carroll Newsom, "Introduction," Insights into Modern 
Mathematics, ££• cit., p •. 3. 
20s. H. Gould, "Deductive Methods in Mathematics," 
Insights into Modern Mathematics, £2· cit., p. 273. 
21Ibid., p. 283. 
14 
ment was to see that the great number of isolated geometrical 
facts are really logical conclusions of a very few simple 
assumptions. May claimed that the student who grasps this 
fact has at his disposal a powerful tool for organizing his 
own knowledge and for understanding science. He added that 
he would rather have a college freshman who had no memory of 
a single theorem of geometry but who had experience in de-
ductive thinking than one who knew 10,000 theorems but had 
no idea of the nature or importance of reasoning. Another 
reason for combining a training in logic with all mathemat-
ical teaching, May added, is this: "Clear thinking on the 
part of every citizen is the nation's only defense against 
the persuasive illogic of the enemies of democracy."22 
Thirty years ago Reeve called attention to Euclid's 
proving certain theorems not because anyone doubted them 
but because they were part of his logical chain of geometry. 
Reeve felt strongly: 
If demonstrative geometry is not taught in order to 
enable the pupil to have the satisfaction of proving 
something, to train him in deductive thinking, to 
give him power to prove his own statements, then it 
is not worth teaching at all.23 
22Kenneth 0. May, "Which Way Pre-College Mathematics?" 
The Mathematics Teacher 47 {May, 1954), p. 303. 
23william Reeve {ed.), The Teaching of Geometry, The 
Fifth Yearbook, £E• cit., p. 1~ 
Today Maiers also stresses the general agreement on 
the fact that one of the major objectives in demonstrative 
geometry is "to acquaint our students with the nature of 
proof and to establish its importance in their minds.n24 
15 
In the Twenty-fourth Yearbook of the National Council 
of Teachers of Mathematics, Smith25 agreed with Allendoerfer's26 
ideas in the Twenty-third about the necessity of discussing 
a "deductive system per se" and later applications of this 
to mathematical and non-mathematical situations. Smith 
traced the role of proof in an axiomatic system, as a test 
of whether given propositions have the same truth value as 
the axioms. He felt that students might find it easier to 
grasp this idea of proof than to understand the idea of 
structure. He summarized the work of Fawcett27 and of 
Henderson. The latter conducted a classroom venture on stu-
dent discovery in various areas of solid geometry, following 
the "nature of proof" method. Forty-three theorems were 
· 
24w. w. Maiers, "Discovery of the Indirect Method of 
Proof in Geometry," School Science and Mathematics 60 (April, 
1960), p. 273. ---
25Eugene P. Smith, "Proof," The Growth of Mathematical 
Ideas, The National Council of Teac~s of Mathematics, 
TWenty-fourth Yearbook, (1957). 
26Allendoerfer, "Deductive Methods in Mathematics," 
.2£• cit. 
27Fawcett, .2£· cit. 
16 
proved by sixty-three students, with a median of ten theorems. 
The smallest number proved was four, and the largest twenty-
four. Class time was spent in supervised study or the evalu-
ation of student proofs. As various errors were identified, 
they were discussed and the principle of logic involved was 
stated. Smith, who showed the use of truth tables in apply-
ing logic, made the following synthesis: 
The idea of proof is one of the pivotal ideas of 
mathematics. It enables us to test the implication 
of ideas, thus establishing the relationship of ideas 
and leading to the discovery of new knowledge. To 
the unsophisticated "proof" is practically synonymous 
with "what convinces me." A statement is 11 proved11 
when such a person is convinced that it is true. Such 
a concept makes proof a subjective and personal matter. 
The purpose of considering proof as a major idea in 
mathematics is to lead students from such a subjective 
concept to a more objective one, a concept based on 
criteria impersonal in nature. • •• They are taught 
to check probable inferences by applying principles 
of logic. Armed with this knowledge, the student 
should be a more disciplined thinker whether he i~ 
thinking about mathematics or everyday problems.2tl 
Exner and Rosskopf struck the same note in a 1955 
periodical article.29 Then they expanded it in a full-length 
1959 publication.30 They gave specific illustrations of 
28Eugene P. Smith, 11Proof," ~· £.!!., p. 178. 
29Robert M. Exner and Myron F. Rosskopf, 11Some Concepts 
of Logic and Their Application in Elementary Mathematics," 
~Mathematics Teacher 48 (May, 1955), p. 290. 
3°Exner and Rosskopf, Logic in Elementary Mathematics, 
(New York: McGraw-Hill Book Company, 1959). 
17 
applications of logical inference in geometry proofs. They 
wrote: 
One of the emerging trends in secondary school mathe-
matics is a shift away from purely manipulative mathe-
matics. More stress is being given to mathematical 
logic and the foundations of mathematics. Should 
teachers introduce the symbols of mathematical logic 
and some of its principles in secondary school mathe-
matics? The answer depends upon circumstances. We 
believe that teachers and textbooks should do a better 
job of introducing high school students to the con-
cepts of logic.31 
Upton, discussing indirect proof, had asserted a simi-
lar opinion in the Fifth Yearbook. He felt that a thorough 
treatment of the subject requires that the pupils be ac-
quainted with certain simple notions of logic and he hoped 
that some day principles such as these will be discussed in 
every geometry class: (a) Every proposition is either true 
or not true, and (b) If two statements contradict one another, 
one must be true and one false. After illustrating with a 
geometric proof, he commented: 
My aim in urging this • • • is not for the sole 
purpose of enabling the pupil to understand the few 
indirect proofs which he usually encounters in his 
work in geometry. I have also in mind to enable 
him to appreciate indirect proof as it is implied 
in life situations.32 
31Exner and Rosskopf, "Some Concepts of Logic and Their 
Application in Elementary Mathematics," loc. cit. 
32Clifford Upton, "The Use of Indirect Proof in Geometry 
and in Life," The Fifth Yearbook,~· cit., p. 127. 
18 
Upton went on to say that the great majority of teachers of 
geometry shared his view that the main purpose of teaching 
demonstrative geometry is to familiarize the pupils with the 
nature of proof--to acquaint them with the "if-then" kind of 
thinking. 
In the same vein Lazar recognized that the union of 
mathematics with logic had been a fact since the time of 
Euclid who used the laws of logic, without explicit formu-
lation, in many of his indirect proofs. Lazar's study was a 
lengthy one in which he examined accepted definitions of con-
verse, inverse, and other terms of logic, and then formulated 
new ones.33 Seventeen years later he picked up the study 
again and clarified still further the logic of indirect proof 
which he had treated in his thesis.34 
In more recent years Brother Brendan discussed the 
misuse of indirect proof.35 He showed that truth tables will 
not work under the fallacy of assuming as true what is to be 
proved true, but they will work for valid indirect proof. 
33Nathan Lazar, "Importance of Certain Concepts and Laws 
of Logic for the Study and Teaching of Geometry, 11 The Mathe-
matics Teacher 31 (1938), pp. 99-113, 156-174, 216-240. 
34 , 11The Logic of Indirect Proof in Geometry," 
The Mathematics Teacher 40 (1947) p. 225. 
35Brother Brendan, "Popular Fallacy, 11 School Science 
and Mathematics 59 (October, 1959), pp. 509-513. 
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Stress on foundations. The works listed in Appendix 
C are all typical of the modern trend to emphasize the 
foundations in mathematics and indicate in particular the 
prominent position of logic, of the nature of proof, and of 
geometry. 
Primary position of logic. The emergence of logic 
into the foreground has not been a sudden phenomenon however. 
The evolution of logic from the Aristotelian system to the 
symbolic structure of today is traced in the literature 
listed in Appendix D. These books contain also a formal 
study of logic. The work of Lewis and Langford is a repre-
sentative one, asserting: 
We stand today with respect to logic where the age 
of Leibnitz and Newton stood with respect to what can 
be accomplished in terms of number, where Riemann and 
Lobatchevsky stood with respect to geometry ••• the 
manner in which forms and principles characterizing 
inference admit of extension and generalization, and 
the connection between such general principles and the 
more special procedures of other exact sciences--these 
are matters concerning which the last four decades 
have produced mor~ light than any preceding centuries 
since Aristotle.3b 
They traced the contributions of Leibnitz, Lambert and Hol-
land, Harrington, DeMorgan, Boola, Jevons, Venn, Peirce, 
Schroder, Peano, Whitehead and Russell, Sheffer and Mead, 
Wittgenstein, Lukasiewicz and Tarski. 
36clarence Lewis and Cooper Langford, Symbolic Logic 
(New York: Dover Publications, Inc., 1950), p. 14. 
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Experiments with Aristotelian logic. There are those 
who deplore the lack of logic in the present generation of 
students. Hilda Neatby, for instance, remarked: 
• • • though students can emit platitudes, they can 
neither explain nor defend them. They are as in-
capable of logic as they are ignorant of its name.37 
Taking action on this problem, as well as the mathematicians, 
are the philosophers who have been experimenting with pre-
college work in logic. Mother Helen Casey, speaking of a 
widespread demand for some kind of logic, reported: 
For a long time that demand has been met by European 
schools with an introductory logic course required of 
the youngest teenagers; after that, and still on the 
secondary level, further philosophical training is 
given. Such programs exist in Italy, France, Germany, 
Spain, and Portugal, as well as in south and central 
Americas. They are even found in Arabic and Slavic 
worlds. At present in England about fifteen schools 
report experimenting in teaching logic to youngsters, 
and these English headmasters seem to be highly 
pleased with results. • •• Professor Suppes of Stan-
ford, believing in their ability, has given lectures 
on sentential logic to fourth, fifth, and sixth 
graders at Stanford's elementary school; and for a 
period of time, he introduced sixth graders from a 
nearby private school into his college classes of logic. 
His belief in children's power to think abstractly was 
not changed by the experiment. At Jacksonville High 
School in Illinois, Dr. LeRoy Garr~tt is teaching logic 
to a group of bright seniors ••• 3tl 
37Hilda Neatby, So Little for the Mind (Toronto: 
Clarke, Irwin, 1953), p-.-12, as quotea-In the Catholic High 
School Quarterly Bulletin XVIli (April, 1960), p. 1. 
38Mother Helen Casey, R. s. c. J., "The Case for 
Logic in High School," The Catholic High School Quarterly 
Bulletin XVIII (April, !9bo), p. 2. 
CHAPTER III 
THE EXPERIMENT 
I. PLAN OF THE EXPERIMENT 
The sample. The thirteen New England schools pro-
viding classes for the experiment ranged in enrollment from 
200 to 1,000, with the participating classes averaging 30 
students. Some of these were of all boys, some were of all 
girls, and some were mixed. Some of the schools supplied 
experimental classes, some supplied control classes, and 
some supplied both. The 324 sophomores made up three groups: 
Eu who studied logic as a unit, Es who studied logic concur-
rently with geometry, and C who studied no logic. These 
groups were later sub-divided to fit the statistical model. 1 
~ experimental unit. The unit on logic, which may 
be found in Appendix A, first introduces basic definitions, 
the symbolism for simple statements, the use of connectives, 
and the purpose of truth tables. Tautologies are explained, 
and some of the fundamental laws of logic are shown to be 
tautologies. Next follows the concept of quantification 
clarified by the Aristotelian square of opposition and Venn 
diagrams. 
1ct. p. 24 
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The section of the unit most pertinent for geometry is 
perhaps that on proof which discusses the implications de-
rived from implications: converse, inverse and contrapositive, 
and then applies these to geometry statements. Unsatisfactory 
means of proof are examined and a logical method of proof is 
introduced with an explanation of the various rules of logic 
to be observed. These rules are applied to geometry as well 
as to everyday problems. Finally a comparison is drawn be-
tween indirect proof and direct proof where the direct proof 
uses the law of the contrapositive. Illustration is made with 
a full proof of a geometry theorem. 
Procedure ~ the grouEs· After a trial run in 
September to establish the workability of the logic unit and 
the validity of the tests, a pre-test was administered to all 
three groups. It was designed to measure the students' 
ability to handle non-mathematical problems. Along with in-
telligence quotients and reading ability ratings, the scores 
on the pre-test served as an equating factor for the three 
groups and established their comparability. 2 
Following the pre-test, Group Eu dropped their regular 
work in geometry to study the entire unit of logic for approxi-
mately six weeks with five forty-minute periods weekly. Then 
2cf. Appendix I for range of intelligence quotients and 
reading ability ratings and Table I for statistics on pre-test 
scores. 
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they took the test on logic which constitutes Appendix B. 
Group Es continued their regular work in geometry but studied 
the content of the logic unit concurrently with geometry for 
the rest of the first semester. Using part of the geometry 
period some days and the whole of it other days, they also 
spent the equivalent of six weeks on the logic. At the end 
of the semester the Es classes took the test on logic. Dur-
ing the first semester, the control group, C, studied no 
logic. 
At the end of the first semester all three groups 
took the post-test on non-mathematical problems. Although 
the reliability and validity of the pre-test and post-test 
were not statistically established, they were assumed to be 
high on the basis of the trial results. These tests, located 
in Appendix E, had been constructed by a random selection of 
one item for the pre-test and one item for the post-test out 
of three similar items devised for each question. 
During the second semester, all groups resumed the 
regular program in geometry and in May all took the geometry 
test located in Appendix F. This test was designed to include 
items requiring applied reasoning as well as content knowledge. 
II. THE STATISTICAL MODEL 
Testing ~ secondary hypotheses. The scores of the 
pre-test and post-test formed the basis of a simple analysis 
of variance to investigate the null hypotheses. 
To identify the sources of differences found to be 
significant in the post-test results, t-tests were made on 
the differences in the means of the groups in pairs. Again 
t-tests served to investigate paired differences in each 
group from pre-test to post-test. 
Levels of significance. Throughout the experiment 
the following convention was observed: F-ratio or t-ratio 
significant at the 1% level--reason to reject the null hypo-
thesis; F-ratio or t-ratio significant at the 5% level but 
not at the 1% level--no reason to retain the null hypothesis; 
F-ratio or t-ratio not significant at the 5% level--no reason 
to reject the null hypothesis. 
Testing ~ primary hypotheses. In order to test the 
primary null hypotheses, an analysis of variance was made 
using a 33 balanced factorial design based on that described 
by Cochran and Cox.3 Such a design provides for simultaneous 
investigation of three factors at three levels. The three 
3william G. Cochran and Gertrude M. Cox. Experimental 
Designs. (New York: John Wiley & Sons, Inc.) 1956. pp. 167-
173. 
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factors in this case were I. Q., factor Q; reading ability, 
factor R; and the method of teaching logic, factor L. The 
three levels for each factor were indicated in this experi-
ment by 0, 1, and 2. For factors Q and R, level 0 was low, 
level 1 was middle, and level 2 was high. For factor L, 
level 0 was no logic (Group C), level 1 was logic inter-
spersed with geometry (Group Es) and level 2 was logic as a 
unit (Group Eu). The final test on geometry provided the 
scores for the analysis. 
Division of the sample population. The total number 
of students in the three groups was over 500. These were 
arranged in their appropriate divisions 000 (low I. Q., low 
reading ability, Group C), 001 (low I. Q., low reading 
ability, Group Es), 002, 010, 011, 012, 020 ••• 222 (high 
I. Q. high reading ability, Group Eu).4 A random selection 
of 12 in each division provided 3 units in each cell of a 
balanced design of 4 replications. This utilized 324 scores 
evenly divided among the 27 levels. The analysis provided 
information on 3 levels regarding the main effect of Q, R, 
and L on geometry achievement, the interaction effect of Q 
and L on geometry achievement, the interaction effect of R 
and L on geometry achievement, the interaction effect of Q 
and R on geometry achievement, and the interaction effect 
of Q, R, and L on geometry achievement. 
4cf. Appendix I for explanation of range. 
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III. LIMITATIONS 
Statistical establishment of the reliability and 
validity of the tests would have given more weight to the 
conclusions and more authority to the implications. Like-
wise a more sharply defined classification into I. Q. and 
reading ability levels might have been more satisfactory. 
Again differences might have been detected more sensitively 
by a different method of selecting the sample from the 
levels; e.g., the use only of high high, middle middle, and 
low low representatives. 
Bias introduced by teacher differences may have been 
present, although in some cases the same teacher taught both 
a control and an experimental group. All the teachers were 
experienced, and those teaching logic were adequately pre-
pared to do so. Again bias may have been caused by inequal-
ities in schools. Several schools provided both control and 
experimental classes, however, and there were schools of 
various types in each group. 
The use of confounding in the factorial design, while 
it reduces block size, sacrifices accuracy in estimating the 
third order interaction. The balanced pattern used, however, 
does provide for the comparison among group totals to give 
the components of the three-way interactions. 
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The inadequacy of the preliminary analysis of variance 
to show the significant differences on the two-way inter-
action was only apparent since the effects of the control 
group tended to balance the effects of the experimental 
groups in the totals. The succeeding t-tests identified 
these differences. 
The analysis could have been carried much further, if 
time had permitted. Although the tendency of the three-way 
reactions can be gained intuitively from the tables, the 
effects could have been derived statistically by continued 
analysis of variance or by additional t-tests. 
Again the correlation of geometry success with gains 
in ability to solve non-mathematical problems could have 
been determined. Scores from the test given at the end of 
the logic unit were available as were teacher grades for 
geometry achievement. Relationships involving these data 
could have been profitably ex~ined. 
CHAPTER IV 
PRESENTATION OF DATA 
I. DATA ON THE SECONDARY PROBLEM 
Pre-test scores. In order to determine whether there 
was any initial difference among the three groups in ability 
to handle non-mathematical problems, a pre-test with a pos-
sible score of 54 was administered to all classes in Sept-
ember. The distribution of scores makes up Table I. The 
means were 31.60, 31.56, and 30.13 for Groups Eu, Es, and C 
respectively. An analysis of variance, using the pre-test 
scores as an equating factor, follows in Table II. The F-
ratio of 2.64, not significant at the 5% level, gave no 
reason to reject the hypothesis that the three groups did 
not differ in their ability to solve non-mathematical problems 
as this ability was measured by the pre-test. 
Post-test scores. To carry out the secondary purpose 
of this study; i.e., to determine the effect of a study of 
logic on the student's ability to solve non-mathematical 
problems, the post-test was administered to all three groups. 
According to the distribution of scores in Table III, the 
means were 38.94, 37.74, and 30.45 for Groups Eu, Es, and C, 
respectively. 
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TABLE I 
DISTRIBUTION OF SCORES ON PRE-TEST 
FOR GROUPS EU, ES, AND C 
SCORES Eu Es c 
52-54 1 
49-51 1 
46-48 0 1 
43-45 0 1 2 
40-42 3 7 0 
37-39 17 9 8 
34-36 23 20 4 
31-33 20 20 30 
28-30 14 25 40 
25-27 13 17 21 
22-24 11 5 1 
19-21 4 3 1 
16-18 1 0 1 
13-15 0 0 0 
Total 108 108 108 
~X • 3413 ~X= 3409 ~X= 3254 
(~x) 2 = 111 648,569 (~x) 2 = 11,621,281 (-:2x) 2 = 10,588,516 
::?:. x2 = 112, 218 2= x2 = 110, 517 ::?..x2 .. 99,744 
x = 31.60 x = 31.56 x = 30.13 
s2 = 40.49 s2 = 27.27 s2 = 15.73 
~x2 • 322,479 
~ (~x)2 
= 313,498.75 
n 
(~2X) 2 = 313,351.16 
~", All statistics computed from ungrouped data 
TABLE II 
VARIANCE TABLE FOR TESTING THE 
NULL HYPOTHESIS APPLIED TO PRE-TEST 
SCORES AS AN EQUATING FACTOR 
SOURCE OF VARIATION 
Between 
Wlthin 
Total 
SUM OF SQUARES 
147.59 
8,980.25 
9,127.84 
*Not significant at 5% level 
Retain null hypothesis 
d.f. 
2 
321 
323 
MEAN SQUARE 
73.79 
27.97 
30 
F 
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TABLE III 
DISTRIBUTION OF SCORES ON POST-TEST 
FOR GROUPS Eu, Es and C 
SCORES Eu Es c 
52-54 1 
49-51 3 2 
46-48 6 4 
43-45 21 18 1 
40-42 23 12 3 
37-39 26 25 7 
34-36 16 22 16 
31-33 9 16 24 
28-30 2 4 26 
25-27 2 4 21 
22-24 0 0 8 
19-21 0 0 2 
16-18 0 0 0 
13-15 0 0 1 
Total 108 108 108 
~X = 4206 :t X = 4076 ~X = 3289 
(~x) 2 = 17,690,436 (.zx) 2 = 16,613,776 (~x)2 = 10,817,521 
"2x2 = 169,572 ~ x2 .. 156,832 zx2 = 101,879 
i ::: 38.94 i = 37.74 i = 30.45 
s2 = 53.79 s2= 27.84 s 2 = 15.74 
-:;: x2 = 428,283 
<: (zx)2 = 417,793.82 
n 
( 2· ~ x)2 
= 413,234.69 N 
All statistics computed from ungrouped data 
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The analysis of variance in Table IV gave a highly 
significant F-ratio of 69.75, reason to reject the null hypo-
thesis that the three groups did not differ in ability to 
handle non-mathematical problems, as this ability was measured 
by the post-test. 
In order to locate the sources of this variation, 
t-tests were applied to the differences of means of the 
groups in pairs. Table V shows a significant difference at 
the 1% level between each of the experimental groups and the 
control group, but no significant difference at the 5% level 
between the two experimental groups. 
Paired differences. Further data on this point is 
furnished in Tables VI and VII, the distribution and t-tests 
of the paired differences of each group on the pre-test and 
post-test. 
While the two experimental groups Eu and Es showed 
respective mean gains of 7.85 and 6.08, group C had a mean 
gain of only .370. The t-ratios of paired differences in 
the first two cases were 18.04 and 14.40, significant at the 
1% level and giving reason to reject the null hypothesis. 
The third ratio, .947, not significant at the 5% level, gave 
reason to retain the null hypothesis. 
TABLE IV 
VARIANCE TABLE FOR TESTING THE SIGNIFICANCE 
OF THE DIFFERENCES AMONG MEANS OF THE SCORES OF 
GROUPS Eu, Es, AND C ON THE POST-TEST 
SOURCE OF VARIATION 
Between 
Within 
Total 
SUM OF SQUARES 
4,.5.59.13 
10,489.18 
1.5,048.31 
*Significant at 1% level. 
d.f. 
2 
321 
323 
Reason to reject null hypothesis 
MEAN SQUARE 
2279 • .56 
32.68 
33 
F 
69.7.5 * 
GROUPS 
Eu- c 
Es - C 
Eu- Es 
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TABLE V 
SUMMARY OF t-RATIOS TO DETERMINE 
THE SIGNIFICANCE OF THE DIFFERENCES BETWEEN 
PAIRS OF GROUP MEANS OF POST-TEST SCORES 
t-RATIO 
10.53 
11.43 
1.37 
SIGNIFICANCE 
Significant at 1% level 
Significant at 1% level 
Not significant at 5% level 
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TABLE VI 
DISTRIBUTION OF GAINS FROM PRE-TEST TO POST-TEST 
FOR GROUPS Eu, Es, and C 
SCORES Eu Es c 
23-24 1 
21-22 2 
19-20 0 
17-18 1 1 
1.5-16 .5 2 
13-14 .5 1 
11-12 13 11 
9-10 19 18 2 
7- 8 14 24 6 
.5- 6 16 14 11 
3- 4 22 19 14 
1- 2 .5 6 13 
-1- 0 3 6 2.5 
-3--2 2 3 21 
-5--4 0 3 10 
-7--6 0 0 4 
-9--8 0 0 2 
Total 108 108 108 
~D = 848 -;£D = 6.57 2D = 40 
:2:D2 = 8846 ~n2 = 60.57 :z: n2 = 1782 
(~D) 2 = 719,104 ~D)2 = 461,649 (i:D) 2 = 1600 
i5 = 7.8.5 i5 = 6.08 i5 = .370 
All statistics computed from ungrouped data 
GROUP 
Eu 
Es 
c 
TABLE VII 
SUMMARY OF t-RATIOS TO DETERMINE 
SIGNIFICANCE OF GAINS FROM PRE-TEST TO POST-TEST 
FOR GROUPS Eu, Es, AND C 
t-RATIO SIGNIFICANCE 
Significant at 1% level 
Significant at 1% level 
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18.04 
14.40 
.947 Not significant at 5% level 
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II. THE PRIMARY PROBLEM 
Factorial design. Table VIII shows the balanced group 
of sets for the 33 factorial with randomized blocks of nine 
units, set up to test the main null hypotheses. The scores 
are the results of the geometry test with a possible total 
of 55. The letter~ stands for I. Q., ~stands for reading 
ability and 1 stands for method of logic. 0 means lowest 
level of~ and~' and no logic (Group C). 1 means middle 
level of s and ~' and the spread-out method of logic (Group 
Es). 2 means highest level of I. Q. and reading ability and 
the unit method of logic (Group Eu). The code 000 stands for 
one student with low I. Q., low reading ability, Group C; 102 
stands for one student with middle I. Q., low reading ability, 
Group Eu; etc. The three scores beside each code are•scores 
of three students in that category. In this design the three-
way factor is partially confounded. Each replication or set 
of three blocks contributes two components of QRL. Table IX 
shows the combination totals. Each of the totals 269, 317 
• • • 479 is the sum of the scores of the twelve students 
belonging to the category indicated in code beside the total. 
There is, in general, a gradual, although insignificant, in-
crease in the totals in the direction from 0 to 2 for I. Q. 
and reading. Moving from 0 through 2 on logic, this increase 
is not consistent. The 1 and g cases, however, always have 
higher totals than the 0 cases. 
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TABLE VIII 
GEOMETRY SCORES IN FOUR BALANCED REPLICATIONS 
REPLICATION I 
A B c 
qr1 Score qr1 Score qr1 Score 
000 30 001 24 002 27 
21 32 27 
30 13 32 
Oll 33 012 33 010 20 
28 45 28 
36 38 28 
022 43 020 27 021 45 
29 29 38 
30 23 40 
101 38 102 40 100 28 
34 39 30 
33 31 18 
112 41 110 19 111 47 
41 18 42 
41 36 30 
120 34 121 40 122 28 
31 44 35 
29 43 48 
202 41 200 23 201 37 
42 29 33 
45 24 40 
210 29 211 47 212 30 
26 34 41 
23 29 38 
221 41 222 45 220 24 
48 43 26 
45 49 28 
942 897 mm 
See code on page 3 9 
CODE: 
q = I.Q. 
r = Reading ability 
1 = Method of logic 
0 under q = low I.Q. level 
0 under r = low reading ability 
0 under 1 • no logic, Group C 
1 under q = middle I. Q. level 
1 under r • middle reading ability level 
1 under 1 = spread-out method of logic, Group Es 
2 under q = high I. Q. level -
2 under r = high reading ability level 
2 under 1 = unit method of logic, Group Eu 
39 
221 = student with high I. Q., high reading ability, Group Es 
120 = student with middle I. Q. , high reading ability, Group C 
A, B, C, are block headings. 
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REPLICATION II 
A B c 
qr1 Score qr1 Score qr1 Score 
000 19 001 38 002 24 
27 21 21 
22 22 21 
012 32 010 22 011 43 
34 24 44 
31 26 44 
021 40 022 27 020 23 
46 29 24 
43 31 24 
102 30 100 27 101 35 
33 28 31 
41 27 41 
111 25 112 41 110 23 
34 31 28 
39 39 36 
120 26 121 46 122 31 
32 47 44 
22 39 33 
201 36 202 25 200 27 
42 43 17 
30 30 11 
210 24 211 34 212 39 
19 43 45 
30 34 44 
222 31 220 20 221 35 
47 37 35 
42 27 44 
877 862 867 
260b 
41 
REPLICATION III 
A B c 
qr1 Score qr1 Score qr1 Score 
000 20 001 35 002 17 
21 28 25 
21 31 19 
Oil 37 012 27 010 19 
31 39 16 
23 21 15 
022 36 020 30 021 41 
27 16 35 
29 23 42 
102 24 100 19 101 34 
30 26 27 
26 29 39 
llO 20 1ll 35 112 35 
15 34 30 
17 27 40 
121 33 122 41 120 26 
41 34 34 
38 45 19 
201 41 202 39 200 14 
23 41 16 
34 31 30 
212 24 210 29 211 45 
31 29 28 
35 29 37 
220 31 221 32 222 52 
30 34 25 
28 39 34 
766 843 794 
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REPLICATION IV 
A B c 
qrl Score qrl Score qrl Score 
000 16 001 26 002 24 
16 23 25 
26 24 25 
012 35 010 25 011 32 
28 24 31 
37 26 19 
021 39 022 28 020 24 
36 41 23 
40 29 15 
101 14 102 32 100 27 
39 27 18 
29 34 24 
110 32 ill 24 112 45 
28 38 28 
21 45 35 
122 33 120 21 121 35 
43 25 31 
40 16 46 
202 37 200 17 201 44 
38 19 48 
37 29 29 
211 38 212 44 210 24 
37 40 20 
38 28 36 
220 39 221 33 222 43 
40 42 31 
.M 42 37 
899 802 819 
2520 
) ) 
TABLE IX 
COMBINATION TOTALS FOR SCORES ON GEOMETRY TEST 
C!o q1 q2 
ro r1 r2 ro r1 r2 ro r1 
1o (000)269 (010)278 (020)282 (100)296 (110)293 (120)31.5 (200)2.56 (210)318 
11 (001)317 (Oll)401 (021)48.5 (101)394 (111)420 (121)483 (201)437 (211)443 
12 (002)287 (012)400 (022)379 (102)387 (112)4.51 (122)4.5.5 (202)449 (212)439 
Code: as in Table VIII 
Each total 269, 317 ••• 479 sums the scores of the twelve students in the coded category. 
) 
r2 
(220)373 
(221)470 
(222)479 
TOTAL 102.56 
-r=--
w 
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Table X comprises the three two-way tables of totals 
formed from the combination totals by addition. For example, 
873 for q0 r 0 is the sum of 269, 317, and 287--the totals of 
the (000), (001), and (002) categories. Each two-way total 
then includes 36 scores. The small but consistent increase 
from q0 through q2 and from r 0 to r2 is again obvious as is 
the fact that 10 is notably smaller in each case than either 
11 or 12 • The QRL components are given in Table XI. Because 
of confounding they must be obtained by subtraction of each 
block total from totals of all combinations occurring in.that 
block. Block lA contains the combinations (000), (011), 
( 022) , ( 101) , ( 112) , ( 120) , ( 202) , ( 210) , and ( 221) • From 
the combination totals, the values of these are 269, 401, 379, 
394, 451, 315, 449, 318, and 470 which sum to 3446. From this 
is subtracted the block lA total, 942, giving the difference, 
2504, for the QRL components. 
Analysis of variance. Tables VIII, IX, X, and XI 
furnished the data for the preliminary analysis of variance 
in Table XII. The method of computing the sum of squares and 
determining the degrees of freedom may be found in Cochran 
and Cox. 1 
1William G. Cochran and Gertrude M. Cox. ~· cit., 
p. 170 and p. 138. 
ro 
rl 
r2 
lo 
11 
12 
TABLE X 
TWO-WAY TOTALS OF GEOMETRY SCORES 
qo 
873 
1079 
1146 
829 
1203 
1066 
3098 
821 
1148 
1123 
3092 
ql 
1077 
ll64 
1253 
904 
1297 
1293 
3494 
889 
1264 
1290 
3443 
q2 
1142 
1200 
1322 
947 
1350 
1367 
3664 
970 
1438 
1313 
3721 
3092 
3443 
3721 
2680 
3850 
3726 
10256 
2680 
3850 
3726 
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These totals, each including 36 geometry scores, are formed from Table IX 
by addition. The total ll23 for ro 12 is obtained by adding 287, 387, 
and 449--the sums of the (002), (102), and (202) categories. 
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TABLE XI 
Q R L COl{PONENTS 
lA lB lC TOTAL 
From Combination Totals 3446 3340 3470 10256 
From ReElication I 942 897 888 2727 
Difference 2504 2443 2582 7529 
2A 2B 2C TOTAL 
From Combination Totals 3510 3469 3277 10256 
From Replication II 877 862 867 2606 
Difference 2633 2607 2410 7650 
3A 3B 3C TOTAL 
From Combination Totals 3461 3407 3388 10256 
From ReElication III 766 843 794 2403 
Difference 2695 2564 2594 7853 
4A 4B 4C TOTAL 
From Combination Totals 3561 3261 3434 10256 
From R!Elication IV 899 802 819 2520 
Difference 2662 2459 2615 7736 
The sums for each block are obtained by adding the totals of all com-
binations occurring in that block. For 4A, 3561 is the sum of 269, 400, 
485, 394, 293, 455, 449, 443, and 373--the totals for the 4A combinations 
(000), (012), (021), (101), (110), (122), (202), (211), and (220). The 
total of the 4A block is 899. 
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Only the main effect of L was larger in its mean square 
than the error. The F-ratio in this case, 3.22, significant 
at the 5% level, gave no reason to retain the hypothesis that 
logic had no effect on achievement in geometry as measured by 
the geometry test. 
Further analysis of sub-divisions. The two-way means 
in Table XIII were derived from the two-way totals on division 
by 36, the number of individual scores summed. Since this 
design keeps main and two-way effects unconfounded, simple 
t-ratios served to locate significant differences. Table XIV 
summarizes the results of the t-tests for main and two-way 
effects of logic. There was no significant difference in the 
main effects of the two methods of logic, as the t-ratio for 
the mean of l1 to the mean of 12 was only .25. For all main 
logic effects there was a significant difference at the 1% 
level or at the 5% level between the experimental groups and 
the control group. The same held true of the two-way logic 
effects, except for the two cases in which the I. Q. and the 
reading ability were at the 0 level. 
Table XV shows the results of t-tests made to investi-
gate the differences between two-way effects involving the 
same method of logic on three levels of I. Q. and reading 
ability. There were no significant differences. 
In Table XVI the significance of differences among two-
way effects of I. Q. and reading ability were determined by 
t-ratios, all insignificant at the 5% level. 
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TABLE XII 
ANALYSIS OF V .ARIANCE OF GEOMETRY SCORES 
SOURCE OF VARIATION SUM OF SQUARES d.f. MEAN SQUARE F 
Replications 693.70 3 
Blocks 377.59 8 47.20 .040 
Q 1561.95 2 780.98 .666 
R 1839.90 2 919.95 .785 
L 7549.36 2 3774.68 3.22 
* 
QR 183.88 4 45.97 .039 
QL 412.06 4 106.03 .905 
R L 349.39 4 87.35 .074 
Q R L: confounded 
in replications 
I 
I 119.96 2 59.98 .051 
; 
II 367.13 2 183.56 .157 
I 
III 116.31 2 58.16 .050 
/ 
IV 278.82 2 139.41 .119 
Error 335,238.95 286 1172.16 
Total 348,089.00 323 
*Significant at the 5% level 
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TABLE XIII 
TWO-WAY TABLE OF MEANS OF GEOMETRY SCORES 
qo ql q2 
ro 24.25 29.92 31.72 28.62 
rl 29.97 32.33 33.33 31.87 
r2 31.83 35.80 36.72 34.45 
10 23.03 25.11 26.31 24.81 
~ 33.42]~ 36.031 ~ 37.50 1if 35.65 ( b ( . 
34.5<V ~ 12 29.61 ~ 35-92) ~ 36.9") ~ 
28.68 32.35 33-93 
ro rl r2 
lo 22.81 24.69 26.94 24.81 
11 31.80 ti! 35-llJ~ 39.94 ~ (j 35.65 
12 )1.19 ~ 35.83 ~ 36-h'j ~ 34.50 
28.62 31.87 34.45 
These means are derived from Table X on division by 36, the number of 
scores included in each of the two-way totals. 
The average for the mean scores of the two logic methods is shown for 
each level of I. Q. and reading ability. 
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TABLE XIV 
SUMMARY OF t-RATIOS ON TWO-WAY TABLE OF MEANS OF GEOMETRY SCORES 
TO INVESTIGATE THE SIGNIFICANCE OF DIFFERENCES OF MEANS 
BETWEEN EXPERIMENTAL AND CONTROL GROUPS 
IN THE MAIN AND TWO-WAY EFFECTS OF IOOIC 
MEANS 
(Ave. 11 + 12) - 10 
11 - lo 
12 - 10 
11 - 12 
(Ave. q011 + ~12 ) - q010 
(Ave. qlll + qll2) - qllo 
(Ave. q211 + q212) - q210 
<loll - <lola 
%12 - qolo 
q111 - q11o 
q112 - qllO 
q211 - q21o 
q212 - q2lo 
(Ave. r 011 + ro12) - ro10 
(Ave. r 111 + r2l2) - r11o 
(Ave. r 211 + r 212) - r 210 
t-RATIO 
(286 d.f.) 
2.54 
2.39 
2.13 
.25 
2.10 
2.70 
2. 71 
2.28 
1.45 
2.40 
2.38 
2.46 
2.35 
2.16 
2.66 
2.79 
(Continued on page 51) 
SIGNIFICANCE 
Significant at 2% level 
Significant at 2% level 
Significant at 5% level 
Not significant 
Significant at 5% level 
Significant at 1% level 
Significant at 1% level 
Significant at 5% level 
Not significant 
Significant at 2% level 
Significant at 2% level 
Significant at 2% level 
Significant at 2% level 
Significant at 5% level 
Significant at 1% level 
Significant at 1% level 
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TABLE XIV continued 
MEANS t-RATIO SIGNIFICANCE 
(28$ d.f.) 
roll - rolo 2.00 Significant at 5% level 
rol2 - rolo 1.84 Not significant 
rlll - rllo 2.30 Significant at 5% level 
rll2 - rllo 2.45 Significant at 2% level 
r211 - r2lo 2.86 Significant at 1% level 
r212 - r2lo 2.09 Significant at 5% level 
Code: As in Table VIII 
(Ave. 11 + 12) - 10 indicates that the t-value is the ratio of the 
average of the main effects of the two experimental methods of logic 
to the effects of the control method. 
~ 11 - ~ 10 indicates that the t-value is the ratio of the mean of 
the two-way interaction of low I. Q., Es method of logic to the mean 
of the two-way interaction of low I. Q., C method of logic. 
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TABLE XV 
SUMMARY OF t-RATIOS TO DETERMINE SIGNIFICANCE OF DIFFERENCES 
OF MEANS IN GEOMETRY SCORES BETWEEN LOGIC EFFECTS 
AT THREE LEVELS OF I. Q. AND READING ABILITY 
MEANS t-RATIO SIGNIFICANCE 
q1 1o - qo 1o .458 Not significant 
q2 1o - qo 1o .722 Not significant 
q2 1o - q1 1o .264 Not significant 
q1 11 - <lo 11 .574 Not significant 
q2 11 - qo 11 .899 Not significant 
q2 11 - q1 11 .323 Not significant 
q1 12 - ~ 12 1.39 Not significant 
q2 12 - qo 12 1.62 Not significant 
q2 12 - q1 12 .221 Not significant 
r1 1o - ro 1o .413 Not significant 
r2 1o - ro lo .910 Not significant 
r2 10 - r1 10 .496 Not significant 
r1 11 - ro 11 .710 Not significant 
r2 11 - ro 11 1.76 Not significant 
r2 11 - r1 11 1.06 Not significant 
r1 12 - ro 12 1.02 Not significant 
r2 12 - ro 12 1.16 Not significant 
r2 12 - r1 12 .207 Not significant 
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TABLE XVI 
SUMMARY OF t-RATIOS TO TEST THE NULL HYPOTHESIS 
RIDARDING DIFFERENCES IN MEANS IN GEOMETRY SCORES AMONG THE 
THREE LEVELS OF I. Q. AND READDm ABILITY AND THEIR COMBINATIONS 
MEANS t-RATIO SIGNIFICANCE 
qo r1 - ~ r2 1.26 Not significant 
~ r2- ~ ro 1.67 Not significant 
~ r2- ~ r1 .410 Not significant 
q1 r1 - q1 ro .530 Not significant 
q1 r2 - q1 ro 1.29 Not significant 
q1 r2 - q1 r1 .764 Not significant 
q2 r1 - q2 ro .354 Not significant 
q2 r2 - q2 ro 1.10 Not significant 
q2 r2 - q2 r1 .746 Not significant 
q1 ro - qo ro 1.80 Not significant 
q2 ro - Clo ro 1.64 Not significant 
q2 ro - q1 ro .396 Not significant 
q1 r1 - qo r1 .520 Not significant 
q2 r1 - qo r1 .740 Not significant 
q2 r1 - q1 r1 .555 Not significant 
q1 r2 - qo r2 .875 Not significant 
q2 r2 - qo r2 1.10 Not significant 
q2 r2 - q1 r2 .020 Not significant 
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III. TEACHERS' COMMENTS 
Another source of enlightening but non-statistical 
information occurs in the comments of the teachers conduct-
ing the experimental classes. Some of these were offered 
spontaneously and some in response to the questionnaire 
located in Appendix G. Four teachers found the time allot-
ment too short, three found it too long, and two found it 
just about right. Those who considered it too short felt 
the students needed more time for conceptual assimilation 
and practical applications. Several teachers suggested 
more exercises, problems and illustrations. Although most 
said that no parts were too difficult for their class, 
several did indicate difficulty with the three-statement 
tautologies and the use of logic to prove theorems. Re-
garding student reactions, teachers wrote: 
"Students like the logic better than the geometry. 
Freshmen asked for the course." 
"Good for the first part but too many tests." 
-
"They enjoyed the unit very much but found parts con-
fusing.n 
"Very enthusiastic." 
"Better students enjoyed the course and gained from it. 
The poorer ones find any type of reasoning hard, but even 
they en~oyed it until testing time. With more time they'd 
get it.' 
"Majority enjoyed the course. Fascination, amazement, 
frustration--leading to added interest." 
"Most comments were favorable. They particularly 
enjoyed working with truth tables." 
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"Most enjoyed the experience and were loathe to return 
to geometry. Some who 'hate math' did their best work 
of the year on this unit." 
Seven teachers expressed unqualified enjoyment in 
teaching the logic, but two lost their enthusiasm with some 
portions. Most of them plan to use the unit or part of it 
again, some saying they will teach the unit before beginning 
the geometry and some planning to integrate it with geometry. 
No one felt that the students had not profited by the ex-
perience. Several teachers commented on the seeming increase 
in precise reasoning, and one teacher suggested the possibility 
of teaching the unit apart from mathematics, perhaps with a 
reading course for freshmen. 
All agreed that the sophomore year is a good time to 
introduce logic, although several felt that the maturity of 
the seniors would make for better understanding at that level. 
Half of the teachers felt that freshmen could handle the unit 
by about the middle of the second semester. One teacher 
taught the unit to interested freshmen outside of class time. 
They responded enthusiastically and completed the work most 
successfully. 
CHAPTER V 
SUMMARY AND CONCLUSIONS 
I. SUMMARY 
The problem. This study proposed to determine by 
experiment the effect of the study of symbolic logic on the 
student's achievement in geometry. Its secondary purpose 
was to test the influence of the study of logic on the stu-
dent's ability to solve non-mathematical problems. As a 
means of teaching the nature and value of proof, the study 
presented a unit on symbolic logic taught in conjunction 
with geometry. 
Current stress on concept as well as content, sus-
tained interest in "the nature of proof," emphasis on the 
"foundations" in mathematics, arid experiments with symbolic 
and Aristotelian logic all served to suggest the vitality 
of the problem and to set the direction for the experiment. 
The experiment. The sample population comprised 324 
sophomores from 13 New England schools. These were divided 
into three groups: Eu, an experimental group studying a 
' 
six-weeks' unit of logiclat the beginning of the geometry 
lcf. Appendix A 
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course; Es, an experimental group studying the same logic con-
tent spread over the geometry course; and C, a control group, 
studying no logic. 
All groups submitted to a pre-test on non-mathematical 
problems which served as an equating factor. At the end of 
the first semester all groups took an equivalent post-test. 2 
A simple analysis of variance was made on the scores, followed 
by t-tests to locate the source of the significant differences. 
A test on geometry at the end of the second semester 
provided the measure in a J3 factorial design. The preliminary 
analysis of variance was followed by t-tests for differences 
in sub-divisions. The three factors were intelligence quotient, 
Q; reading ability, R; and method of logic, L. Three levels 
of each were used--0 indicating the lowest level of the g and 
R factors, 1 indicating the middle level, and 2 indicating the 
highest level.3 For the L factor, 0 indicated no logic, 1 
indicated the spread-out method, and 2 indicated the unit 
method. 
The findings. 
1. A t-value of 2.54 indicated a difference, signifi-
cant at the 2% level, for 286 degrees of freedom, 
between means of geometry scores attained by the 
experimental groups and the control group. 
2cf. Appendix E 
3cf. Apendix I 
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2. There was a t-value of 2.13, significant at the 5% 
level, between the means of scores of the Eu 
group and the means of scores of the C group. 
3. For a t-value of 2.39, a significant difference at 
the 2% level was found between the means of 
scores of the Es group and the means of scores 
of the C group. 
4. As indicated by a t-value of 0.25, there was no 
significant difference between the means of 
geometry scores whether the logic was studied as 
a unit or was spread out over the study of geo-
metry. 
5. A difference in geometry scores existed at each 
I. Q. level between those who had studied logic 
by either method and those who had studied no 
logic. For I. Q. level 0, t was 2.10, signifi-
cant at the 5% level; for level 1, twas 2.70, 
significant at the 1% level. 
6. A difference in geometry scores existed at each 
reading ability level between students who had 
studied logic by either method and those who had 
studied no logic. For reading ability level 0, 
twas 2.16, significant at the 5% level; for 
level 1, t was 2.66, significant at the 2% level; 
and for level 2, twas 2.79, significant at the 
1% level. 
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7. No difference in geometry scores was significant 
among combinations of different levels of I. Q. 
and reading ability as indicated by t-scores 
ranging from .020 to 1.8o.4 
Regarding the secondary question, the analysis of 
variance gave a very significant F-ratio among the post-test 
scores. Succeeding t-tests, giving ratios respectively of 
10.53 and 11.43, identified differences significant at the 
1% level between the Eu and C groups and between the Es and 
C groups, indicating that those who had studied logic by 
either method were more successful in handling non-mathematical 
problems than those who had not studied any logic. The paired 
differences from pre-test to post-test were significant at the 
1% level for the experimental groups, with tEu = 18.04 and 
tEs = 14.40, but not for the control group with t= .947. 
There was no significant difference between the scores of the 
two experimental groups. 
II. INTERPRETATION 
The findings indicated the advisability of introducing 
logic into the geometry course either as a unit or inter-
spersed with the geometry content. They also pointed to logic 
4cr. Table XVI 
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as a means of improving the student's power to solve non-
mathematical problems. A careful study of the main and 
interaction effects as seen in the tables derived from the 
factorial design furnished suggestions5 for further research 
on the value of logic with geometry at various I. Q. and 
reading ability levels. 
Main conclusions. Of the series of null hypotheses6 
set up to answer the main question, there was reason to re-
tain only the fourth. The t-test in this case gave a ratio 
of 0.25 indicating no significant difference between the two 
methods of logic. There was reason to retain one part of the 
fifth and sixth hypotheses. The t-ratio for the two-way 
interaction of low I. Q. and the unit method with the two-
way interaction of low I. Q. and no logic was 1.45. This in-
dicated an insignificant difference. The t-ratio for the 
•· 
two-way interaction of low reading ability and the unit method 
with the two-way interaction of low reading ability and no 
logic was insignificant at the 5% level. 
The seventh and eighth hypotheses regarding the three-
way reactions were not statistically tested since the results 
of the two-way interactions and the main effects gave the 
trend so clearly. As is common in the statistical design used, 
5cf. p. 61 Implications 
6cf. p. 1 
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the three-way table of totals or means was unnecessary.? Be-
cause the means of the two-way interactions of logic with I. Q. 
and of logic with reading ability vary directly with one an-
otherS in all cases, the means of the three-way interactions 
will vary in the same manner. 
There was reason to reject all the other null hypo-
theses regarding the main question. There were significant 
difference in all main and two-way interactions in favor of 
the experimental groups. 
Secondary conclusions. There was reason also to reject 
one secondary hypothesis. The analysis of variance and the 
t-tests established that there was a difference in the scores 
on non-mathematical problems of students who did not study 
logic and of those who did study logic by either method. There 
was reason to retain the hypothesis that there was no differ-
ence in the scores of students who studied logic by the two 
different methods. 
Implications. Because of the consistent superiority 
of results of students in both logic groups over those of 
students without logic, the introduction of a logic unit into 
the geometry course is worth considering in populations 
?cochran and Cox, £E• cit., p. 173. 
8cf. Table XIII 
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similar to the sample. The fact that some of the differences 
were significant at only the 5% level or the 2% level in-
dicates the need for further experimentation along the same 
lines. Since the success varied directly, though slightly, 
with the I. Q. and reading ability levels, the argument for 
introducing logic for the better students is more insistent. 
Even with low I. Q. groups there was a significance at least 
at the 10% level. This tendency may indicate the value of 
logic at all levels. On the other hand, it may be that the 
students in the lower I. Q. and reading ability levels are 
incapable of success in geometry regardless of the method 
used. Further experimentation is advisable. 
The statistics gave no clear indication of the superi-
ority of either method of introducing the logic. In no case 
was there a significant difference between them for the sample 
population either in success in geometry or in success in non-
mathematical problems. The preference of the teacher and the 
response of the class might be the best guides if logic is to 
be introduced. Again further experimentation might be profit-
able. 
Since success in non-mathematical problems was also 
significantly different between students in the sample popu-
lation who studied logic and those who did not study it, 
there is again strong argument in favor of introducing logic. 
This difference, and particularly the fact that the paired 
differences on the control group gave so small a t-ratio, 
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indicates that the geometry taught in the sample population 
did not, of itself, improve ability to handle non-mathematical 
problems. Analyzing a plane geometry test, Fawcett commented: 
One of the important objectives for teaching geo-
metry is the development of clear logical reasoning 
ability and the transfer of training in this • • • 
Although the test adequately covers geometric facts 
and skills, not enough attention is given to the 
fundamental aspects of proof and to the transfer of 
clear, logical reasoning to non-mathematical and 
applied science areas.9 
Statistics on the sample population indicate that individuals 
who study logic as a unit with geometry or spread out over 
geometry did improve in this ability. Further experimentation 
may clarify the relationship of logic to geometry in develop-
ing this general power of clear thinking or show that logic 
will do this work as well by itself or in connection with 
some other discipline. 
III. SUGGESTIONS FOR FURTHER RESEARCH 
1. The experiment could be repeated with a larger sampling, 
more precise grouping, and statistically reliable tests. 
2. The experiment could be repeated, changing the statistical 
model, e.g. use a one variable method with the other 
factors held constant. 
3. A similar experiment could be run to determine the effect 
9Fawcett, "Seattle Plane Geometry Test," Fifth Mental 
Measurement Yearbook, p. 498. 
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of a unit in logic on the student's achievement in 
algebra. 
4. An experiment could be set up to study the effect of 
logic, apart from mathematics, on growth in other areas; 
e.g. reading, composition, and social sciences, for, 
according to Simmons, "The end of the art of logic is 
quite clearly sound discourse.nlO 
5. A still more extensive experiment might be profitably 
devised to study logic as an integrating factor through-
out secondary school mathematics--research into the 
methodology of mathematics concerning which Simmons 
claims again: 
Because of the demands of the reason, mathematical 
method is inadequate to the science of mathematics 
if it is not logical, and because of the mathe-
matical subject matter, mathematical method is in-
adequate to the science of mathematics if it is 
only logical. Mathematical method is adequate to 
mathematics only if it is logical in the mathe-
matical mode.ll 
lOEdward D. Simmons, "The Nature and Limits of Logic.'' 
The Thomist. XXIV (January, -1961) p. 51. 
llrbid. 
APPENDIX A 
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LOGIC 
I. Definitions: symbolism 
A. Statements or propositions 
1. Definition: A statement (proposition) is a 
simple declarative sentence that is either 
true or false but not both. (Notice the un-
defined terms: sentence, true, etc.) 
Which of the following satisfy the definition 
of "statement"? 
a. It is raining. 
b. Is it raining? 
c. 4 + 5 • 9 
d. 4 + 5 - 12 
e. An isosceles triangle has equal base 
angles. · 
f. If from a point outside a circle a tangent 
and a secant are drawn, the tangent is the 
mean proportional between the whole secant 
and the external segment of the secant. 
g. Fast up slow over. 
h. Boston is a small New England village. 
i. x2 - 2x + 1 = (x • 1) (x - 1) 
2. Definition: A statement function (propositional 
function) is a sentence which becomes true or 
false when a name is substituted for the vari-
able (placeholder). Consider the following 
propositional functions. What is the variable 
in each case? What name must be substituted for 
the variable in each case to make it a true 
statement? 
a. The Pythagorean theorem was named for him. 
b. X + 7 = 19 
c. It has six equal sides. 
J. More complicated statements may be made by join-
ing two or more simple statements with connectives. 
Consider the following statements. What is the 
connective in each case? 
a. The wind is blowing, and the rain is falling. 
b. The wind is blowing, or the rain is falling. 
c. The wind is blowing, or the air is still. 
d. If the rain is falling, then you need an 
umbrella. 
e. That figure is an icosahedron if and only if 
it has twenty equal faces. 
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B. Representation of compound statements; more defini-
tions, truth tables. 
1. If a statement is made up of several state-
ments, we will designate them by p, q, r, ••• 
Consider again this statement: The wind is 
blowing, and the rain is falling. 
The connective here is and. We will repre-
sent and by the symbol/\. • We will represent 
the whole statement by the symbol p /\ q. 
The following statements are all of the form 
p /\ q. Which are true? Which are false? 
Give a general rule for deciding on the truth 
value of such statements. 
a. 
b. 
c. 
d. 
5 x 3 • 15, and a rectangle has four 
right angles. 
5 x 3 = 6, and the sum of the interior 
angles of a triangle is 180°. 
5 x 3 = 15, and the cow jumped over the 
moon. 
5 x 3 = 6, and all roses are blue. 
It is not difficult to see that a statement of 
the form p 1\ q is true only when both p and 
q are true. 
Definition: If p and q are statements, PI\ q 
is a statement that is true when both p and q 
are true and is false in all other oases. The 
formula p /\ q is called the conjunction of 
p and q. 
The following truth table describes the rule 
you have just discovered; it ma~ be considered 
a definition: (T is a tag for true," and F 
is a tag for "false." T and Fare undefined.) 
p 
T 
F 
T 
F 
q 
T 
T 
F 
F 
p A q 
T 
F 
F 
F 
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2. Consider again the statement: The wind is 
blowing, or the rain is falling. 
). 
Here the connective is or. Notice that this 
or may mean "either one-or the other" or 
Wboth;" i.e., "Either the wind is blowing, 
or the rain is falling," or "Both the wind 
is blowing, and the rain is falling." This 
is the "inclusive or" which we will symbolize 
by V • We will represent the whole statement 
by the symbol p V q. (If you have studied 
set theory in algebra, this symbol will sug-
gest the expression for the union of the sets 
A and B, A U B, carrying also the idea of 
"either ••• or" or "both.") The followini 
statements are all of the form "P v q. 
Which of them are true? Which, false? . Formu-
late a rule for determining the truth value of 
this type of statement: 
a. In geometry a "point" is an undefined 
term, or a "line" is an undefined term. 
b. 4 ~ 5, or there are 7 days in a week. 
c. 4 4- 5, or there are 30 days in a week. 
d. All donkeys have five legs, or all 
giraffes have short necks. 
Again the rule is not hard to discover. 
Definition: If p and q are statements, then 
p v q is a statement which is false when both 
p and q are false and is true in all other 
oases. Construct a truth table for p v q. 
The statement p v q is called the disjunction or 
alternation of p and q. 
p 
T 
F 
T 
F 
q 
T 
T 
F 
F 
p v q 
T 
T 
T 
F 
If the connective or is used in the exclusive 
sense as in the statement: The wind is blowing, 
or the air is still, 
then we use Y. as the symbol for or, and we have 
the definition: --
If p and q are statements, then p ~ q is a 
statement that is true if p and q have the 
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opposite truth values, and false if p and q 
have the same truth values. In truth table 
form we have: 
p 
T 
F 
T 
F 
q 
T 
T 
F 
F 
p y q 
F 
T 
T 
F 
Notice that this is the relation that always 
holds between a statement and its contra-
diction or "negation." 
Consider the statement: 
"Today is Tuesday" and its negation, "Today 
is not Tuesday." 
It we symbolize the statement by p, then we 
will symbolize its negation by ""V p. Both 
p and """"p cannot be true at the same time. 
One or the other must be true. 
p ...,_,p 
T F 
F T 
Examine some examples: 
a. p: A lion is a wild animal 
;'\J p: It is false that a lion is a wild 
animal, or A lion is not a wild animal. 
b. p: x2 + 2xy + y2 • (x+y)2 
I"'Vp: x2 + 2 xy + y2 = (x + y)2 
c. p: The sum of supplementary angles is 1800. 
;'\J p: The sum of supplementary angles is not 
180°. 
d. p: It is false that all rectangles are 
aquares. 
"""'p: All rectangles are squares. 
4. Consider again the statement: 
If the rain is falling, then you need an umbrella. 
This statement is of the "if•then" type, and the 
symbol for the connective is --) • The rule for 
determining the truth value of the "p -) q" 
statement is harder to understand than the rules 
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used in conjunction and disjunction. Most 
logicians and mathematicians accept the fol-
lowing definition: 
If p is a statement and q is a statement, then 
p -> q is a statement that is always true ex-
cept in the one case where p is true and q is 
false. The statement p--7q is called an 
"implication" or a "conditional" statement in 
which p is the antecedent and q is the conse-
quent. It is read "p implies q." 
Look at some more examples of the form "p -> q." 
If the sophomores win the school spirit cup, 
then they will have a class picnic. 
p q p -~q 
T T T 
If the sophomores do not win the s. S. cup, 
then they will have a class picnic. 
p q P->q 
F T T 
If the sophomores win the school spirit cup, 
then they will not have a class picnic. 
p q P->q 
T F F 
If the sophomores do not win the school spirit 
cup, then they will not have a class picnic. 
p q p ->q 
F F T 
Notice that a true hypothesis can never lead to 
a false conclusion according to the accepted 
definition. 
Implication is important since it is employed in 
most mathematical proof. 
Form a truth table for p -> q. (Refer to example 
above.) 
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5. Consider the statement: 
That figure is a pentagon if and only if it 
has five sides. 
For the connective "if and only if" we use the 
symbol <--->, and we write statements of this 
kind as p <---> q. This relationship can be 
expressed as (p -> q) A (q ->P). 
Consider these examples: 
a. 
b. 
c. 
d. 
p: 
q: 
p 
T 
p: 
q: 
p 
F 
p: 
q: 
p 
-T 
p: 
q: 
p 
-F 
Line a is parallel to line b. 
Line b is parallel to line a. 
q P->q q-:>p p <->q 
-T T T T 
All parallelograms are rectangles. 
All rectangles are parallelograms. 
q p 
->q q->p P<:-> q 
-T T F F 
All squirrels are rodents. 
All rodents are squirrels. 
q p -;>q q-;>p P<->q 
F F T F 
Mars is made of marshmallow. 
Flying saucers are made of Dresden 
china. 
q 
F 
p~q 
T 
q~p 
T 
p.(,->q 
T 
Definition: If p is a statement and q is a state-
ment, p~---> q is a statement that is true when p 
and q have the s~e truth values and false when p 
and q have opposite truth values. 
Statements of the form p .(;-> q are called "bicon-
ditional" or "equivalent" statements. They are 
read "p implies q, and~ implies p," or "p if and 
only if q", or "P if q. 
Equivalences are important because definitions take 
this form; e.g., 
Isosceles triangles are triangles with two equal 
sides~ 
Triangles with two equal sides are isosceles 
triangles. 
or 
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Triangles are isosceles if they have two equal 
sides. 
Triangles have two equal sides if they are 
isosceles. 
or 
If a triangle has two sides equal it is isosceles. 
If a triangle is isosceles, it has two equal sides. 
p: This triangle is isosceles. 
q: This triangle has two equal sides. 
p 
T 
q 
T 
P->q 
T 
q-7'P 
T 
P<->q 
T 
Form a truth table for equivalence. 
II. Tautologies; quantification. 
A. Definition: A tautology is a proposition that is 
always true, no matter what statements replace the 
placeholders. 
Consider again the equation: 
x2- 2x + 1 = (x- 1) ( x- 1). xE Re. 
No matter what value x takes on from the set of Reals, 
this equation holds. It is a tautology. 
Look at the following argument: 
Either an erm is a boggle, or an erm is a foggle. 
An erm is not a boggle. 
Therefore, an erm is a foggle. 
Assuming the premises are true, is this a valid argu-
ment intuitively? Examine its validity by using a 
truth table: 
p: An erm is a boggle. 
q: An erm is a foggle. 
In symbolic form, the argument is (p v q) 1\ -v p -> q. 
Construct the truth table by filling in all possible 
combinations of truth values for p and q. 
C:e v g) 1\ 1'1.1 :e -> 9. 
T T T T 
F T F T 
T F T F 
F F F F 
"" 
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Then find the truth values for the operations 
v and 
""""' . 
(p v g)l\ ""E ~9. 
T T T F T T 
F T T T F T 
T T F F T F 
F F F T F F 
Next find the truth values for the connective 
(~ v ~) 1\ ,.,..., E ~ ~ T F F T 
F T T T T F T 
T T F F F T F 
F F F F T F F 
This gives us the truth value of the first 
part of the implication. Now find the truth 
value of the whole implication. 
(p v g) 1\ /V E 4 9. 
T T T F F T T T 
F T T T T F T T 
T T F F F T T F 
F F F F T F T F 
The row ofT's shows that this statement has 
the truth value T always. It will always be 
true no matter what replaces the placeholders: 
erm, boggle, and foggle. 
This is a tautology. 
The argument is valid. 
B. The appearance of an F would indicate an invalid argu-
ment. 
Consider these statements: 
If Dick is a sophomore, then he has school spirit. 
Dick has school spirit. 
Dick is a sophomore. 
A truth table will ratify our intuition that the argu-
ment is not valid. 
p: Dick is a sophomore. 
q: Dick has school spirit. 
c. 
74 
(p -> q) 1\q 
-> p 
T T T T T T T 
F T T T T F F 
T F F F F T T 
F T F F F T F 
All of the laws of logic are tautologies. Two of 
these are known as DeMorgan's laws. If you have 
studied the algebra of sets, you are familiar with 
these laws in this form: 
/ I f) / (A V B) = A B and (A n B) 
These are stated respectively as 
/ 
= 
I / 
A U B 
The complement of the union of two sets, A and B, 
is the intersection of the complement of A with 
the complement of B, and 
The complement of the intersection of two sets, 
A and B, is the union of the complement of A with 
the complement of B. 
In the notation of logic we have 
N (p A q) <-> /V p V N q, and /V (p \/ q)~-> NP"' /'V q. 
Prove the validity of these two laws by means of truth 
tables. 
D. Before investigating further the validity of implications, 
it is necessary to consider quantification. 
The universal quantifier, all, is symbolized by " • 
The existential quantifier, some, is symbolized by 3 . 
V x is read "for all x." 
or "there exists an x." 
3 x is read "for some x," 
In order to contradict or negate a universal, it is 
necessary to find just one counter-example. 
Consider the statement: 
All the students in 203 have brown eyes. 
The negation of this statement is 
There is some student in 203 who has not brown eyes. 
In symbolic form we have: 
p: students have brown eyes. 
x: students 
IV ( \:I X p) <-) 3 X ( /V p ) • 
To contradict or negate an existential, it is necessary 
to show that the statement is universally not true. 
Consider the statement: 
Some sophomores play hockey. 
The negation is 
No sophomores play hockey. 
In symbolic form, we have: 
p: sophomores play hockey 
x: sophomores 
1'\1 ( 3 X p) <-) 'V' X ( "-' p·) 
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It is important to realize that a negative ex-
istential is not the negation of an existential; 
i.e., "Some sophomores do not play hockey" is 
not the negation of "Some sophomores play hockey." 
These two statements do not contradict each other 
because the set of all sophomores who play hockey 
and the set of all sophomores who do not play 
hockey are disjoint subsets of the set of all 
sophomores. The so-called square of opposition 
used in Aristotelian logic clarifies the problem 
of negating quantified statements. 
a se 
0 0 
t u u t 
b e b r s r 
u t 1 t u 
e f f e 
u u 
1 1 
Key: 0 
Universal positive A 
I Particular (existential) positive 
A and 0 negate each other 
tv V X ( p) -<-) 3 X ( I"V P) 
E Universal negative 
0 Particular (existential) negative 
I and E negate each other 
"-' 3 X p <-) V X ( i'll p ) 
This square actually summarizes not only the 
principles of negation but all of the principles 
of valid immediate inference: 
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If A is true, then E 
true because what is 
is false and 0 is false, but I is 
true for all must be true for some. 
/.~'\ 
I A ' ! j1 ® i 
\ 
\\" ........ , 
If 0 is true, then A is 
E and I is doubtful. 
fals~ but the truth value of 
/A-~ 
~ 
--
A 
or 
If E is true, then A is false and I is false, but 0 is 
true because what is true for none is true for "not 
some." ~
( A \ 
\ Q) ) 
' / 
" / -......_-.--~~ 
If I is true, then E is false, but both A and 0 are 
doubtful. 
or 
Consider an I-form proposition that is true, 
Some triangles that are similar are congruent. 
x: similar triangles 
p: similar triangles are congruent 
3 X p T 
The E-form proposition will be false and contradict the 
I-form. 
F No similar triangles are congruent. ~x (~ p) F 
In this particular case, the A-form is false. 
All similar triangles are congruent. V x (p) 
And the 0-form proposition is true. 
Some similar triangles are not congruent. 3 x ( N p) 
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S: Set of all similar triangles. 
C: Set of all congruent triangles. 
/' /--;;- . ~"'-, 
/ v \ 
,/ -~------ ' \' 
! / " \ i,~ .~ •. )! 
s n c = c = set of all similar triangles that 
are congruent. 3 x P 
S - C = set of similar triangles that are not 
congruent. 3x (AI p) 
Set up similar illustrations for true propositions 
of each form. Find an I-form proposition that 
will yield a true A-form proposition and a false 
0-form proposition. 
Write the negations of the following statements 
(l - 4, 6, 7). 
1. 
2. 
3. 
4. 
5. 
6. 
8. 
9. 
Some sophomores play basketball. 
There is at least one pigeon that can carry 
messages. 
For all x, where x is a real number, x2 - 25 = 
(x + 5) (x - 5). 
Line m is parallel to line n, and angle a is 
equal to angle b. 
Write number four in symbolic form. What law 
is illustrated? 
If donkeys have kind hearts, then elephants 
have good memories. 
Note: The negation of p -> q is p 1\ ( rv q) 
Show that rv (p -> q) <-> p " ( ,-v q) is a 
tautology. 
All rectangles are squares or all parallelo-
grams are rhombuses. 
Write in symbolic form. What law is illustrated? 
In the above exercises, which original state-
ments are true? Which negations are true? 
Notice that a statement and its negation always 
have opposite truth values. 
Use a truth table to show that these three ex-
pressions for the negation of an equivalence 
form tautologies: 
N(p -> q) <-> (p <-> ( ,-vq)] 
,.v(p __, q) ~->(~) ~ (q)J 
..v(p -:> q) <-> (p ~ q) 
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III. Proof 
A. Implications derived from other implications: 
1. Converse: The converse of p -> q is q -) p. 
2. Inverse: The inverse of p -::> q is /'V p -::> ..v q. 
3. Contrapositive: The contrapositive of p -:> q is 
/'V q -> ....,., p • 
Consider these true statements: 
If the three sides of a triangle are equal, then 
the three angles are equal. 
The converse is also true: 
If the three angles of a triangle are equal, then 
the three sides are equal. 
The inverse is true: 
If the three sides of a triangle are not equal, then 
the three angles are not equal. 
The contrapositive is also true. 
If the three angles of a triangle are equal, then 
the three sides are not equal. 
Are these implications always true? Try to find 
counter-examples to disprove that they are always 
true. 
Truth tables show that only the contrapositive is 
always of the same truth value as the original state-
ment; the converse and inverse are not necessarily of 
the same truth value. 
Converse Inverse 
(p-> q) _!_> 
T T T T 
F T T F 
T F F T 
F T F T 
(q -> p) (p-> q) ~) 
T T T T T T T 
T F F F T T F 
F T T T F F T 
F T F F T F T 
Contrapositive 
1 (p~q) -·>(rvq-)nJp) 
T T T T F T F 
F T T T F T T 
T F F T T F F 
F T F T T T T 
(,.., p -> I'V q) 
F T F 
T F F 
F T T 
T T T 
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The last statement is a tautology. The contrapositive 
always has the same truth value as the statement. 
Consider the true statement. 
All squares are parallelograms. 
What is the converse? Is it true? What is the inverse? 
Is it true? What is the contrapositive? 
Show by means of a truth table that the converse implies 
the inverse and that the inverse implies the converse; 
i.e., that the inverse of a statement is really the con-
trapositive of the converse. 
The fact that a statement always implies its contra-
positive is very valuable in proof. 
Make a list of some geometry statements which you know 
to be true. Find the contrapositive of each of these. 
Test the truth value of the converse and the inverse of 
each. 
B. Unsatisfactory means of proof: 
1. Intuition. We "see" that something is so and accept 
the "seeing" as "proof." 
2. Authority. We "accept" as "proof" the statement of 
a book whether the book substantiates the statement 
or not. 
3. Emotion. We "want" something to be so. The desire 
becomes a "proof." 4. Faulty logic. We "infer" from false premises or by 
invalid arguments. The "elastic inference" is our 
"proof." 
Find four or five examples of these unsatisfactory means 
of proof. The first two will be plentiful in textbooks; 
the last two, in political speeches, propaganda, advertise-
ments, etc. 
c. More satisfactory method of proof: 
1. Establish a system,consisting of 
a. Undefined terms. 
b. Definitions in terms of the undefined words. 
c. A set of axioms which we assume to be true. 
d. The laws of logic,--the propositional calculus. 
e. True propositions or theorems derived from the 
axioms by the laws and rules. 
Bo 
2. Construct the complete proof in this way: 
a. Set up a chain of sentences, of which the 
initial members are independent, and con-
sistent axioms or other statements previously 
accepted as true. 
b. Obtain each succeeding member from preceding 
ones by applying laws of logic or rules of 
proof. 
c. Have for last member the proposition to be 
proved. 
D. Demonstration 
1. To decide whether or not a statement is a theorem, 
it is necessary to construct a demonstration that 
the statement does follow from the axioms or that 
a denial of the statement follows from the axioms. 
2. This demonstration that a statement Sn follows as 
a consequence of statements A1, A2, ••• An, is a 
sequence of statements S1, S2, ••• Sn• 
3. Each S1 is one of the statements, A1, A2, ••• , or 
is a valid statement formula, or follows from 
earlier statements by means of an inference rule, 
or is the same as an earlier statement in the 
sequence. 4. Sn is the theorem to be proved. 
5. This demonstration is the expression of a formal 
argument, its validity depending solely on its 
form. 
E. Our method of proof in logic itself conforms to the 
pattern of C. 
1. We have undefined terms symbolized; e.g., T, F. 
2. We have defined terms and their symbols: p A q, 
p v q, p y q, p -::) q' p -<-;> q' .11.1 p • 
3. We have axioms: 
If p is a statement, then p and rv p cannot both be 
true. Either p or /\) p must be true. 
4. We have propositions. 
5. We have laws of logic which are tautologies. These 
we use along with the rules of inference in all proof. 
Some of these laws are 
a. 
b. 
c. 
rv ( ,rv :p) -::> p negation of a negation 
fp~-~q)~> [{p -~ q) A (q -> p)] equ_!valence 
rv [P A {rv p)J law of contradiction 
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d. p v #"'V p 
e. [(p -::>q)" 
syllogism 
law of excluded middle 
( q -> r)] -> ( p -:> r) law of 
F. Rules of direct proof. (All of these follow from previous 
information.) 
1. Replacement. We may replace every placeholder (of the 
same kind) by any specific member of a given set for 
which the proposition holds and still have a true pro-
position; e.g., 
X Reals (x2 
-
9) 
16 
-
9 
7 
7 
=? 
=? 
= 
= 
(x + (4 + 
(7) 
7 
3) (x - 3) 
3) <4 - 3) 
(1) 
x:4 
2. Substitution. We may substitute any formula or pro-
position for an equivalent formula or proposition. Not 
every p need be replaced. 
Consider the tautology: /lJ ( p 1\ q) ..£----,) "'V p \/ ...-u q. 
Now, if " /V (p A q) -~ r Y s" is a true statement, we 
may substitute the equivalent of .....-v (p " q) and write 
rv p v ..-v q -::> r ~ s. This will also be a true pro-
position. 
3. Rule of detachment, "modus ponens." If we know that 
p -->q is true and that pis true, then we may assert 
that q is true. 
Consider the statement: 
If these alternate-interior angles are equal, then the 
lines crossed by the transversal are parallel. 
p: these alternate-interior angles are equal. 
q: the lines cut by the transversal are equal. 
p -~ q 
p 
T 
T (assume) 
Then by the law of detachment, q is also true; these 
lines are parallel. 
"modus ponens" (translate it) may be represented as 
p -~ q 
p 
• 
.. q 
T 
T 
T 
Major premise 
Minor premise 
Conclusion 
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4. Hypothetical syllogism. 
If p -> q, and q --~ r, then p ----? r. 
Consider these implications: (put in "if-then" 
form.) 
Students who get good grades must work hard. 
p-) q 
Students who must work hard will get good jobs. 
q ->r 
Students who get good grades will get good jobs. 
P ->r 
m 
n 
p ~ q 
If line m is parallel to line n, then angle a 
equals angle b. 
q->r 
If angle a equals angle b, then angle b equals 
angle c. 
P--> r 
If line m is parallel to line n, then angle b 
equals angle c. 
Find or make up five or six hypothetical syllogisms 
for non-mathematical statements and five or six for 
mathematical statements. 
5. Conjunctive simplification: 
If a conjunction, p A q, is true, then statement 
p is true, and statement q is true. 
He is a star player, and he is good in science; T 
then He is a star player T 
and He is good in science T. 
ME bisects RES, and AE = EB 
ME bisects RES T R and 
T. then 
AE = EB 
6. 
7. 
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Conjunctive inference. 
If statement p is true, and 
then the conjunction p ~ q 
statement q is true, 
is true. 
He is a good player T He is good in 
science T then 
He is a good player, and he is good in science 
ME bisects RES T AE = EB 
ME bisects RES, and AE = EB T. 
Contrapositive inference: 
p -;?q 
p __;7q 
~----
,.', ./\J p 
T 
T 
T 
T 
T 
~ 
A. ~; 
I n,VB, 
cl. 
T then 
/ 
T. 
If two triangles have corresponding sides proportional 
then these two triangles are similar. p --:> q T 
These two triangles are not similar. /'1....1 q T 
:. These two triangles do not have 
corresponding sides proportional •• -"'\..1 p 
If these lines are equal, then the alternate-
interior angles formed by the transversal are 
T 
equal. p ---> q T 
If the alternate-interior angles formed by 
the transversal are not equal, then the 
lines are not parallel. .-v q-;>I"V p T 
Find a number of geometry theorems that you can 
conveniently express in contrapositive form. 
Keep these to determine whether a proof of the 
contrapositive may be easier in some cases than 
a proof of the theorem. 
8. Assuming the following statements are true, write a 
true conclusion or theorem if you have enough in-
formation. Following the examples, construct proofs 
in symbolic form. 
a. Given: X+ y = 20 p T given 
X - y = 8 q T given 
Conclusion: 
X + y = 20, and X - y = 8 p /\ q T conjunc-
tive inference 
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b. Given: If triangles are isosceles,. they 
have equal base angles. 
This triangle does not have equal base angles. 
Conclusion: This triangle is not isosceles. 
p -~ q T given 
l'\lq T given 
/'V'P T contrapositive inference 
c. Jim will take her to the prom Saturday if he 
may use the family car. He may use it. 
d. Polygons with four equal sides are rhombuses. 
This figure has three equal sides. 
E. Sally will marry Bill if he is able to build 
a new home, buy a new car, and be assured of 
a sizeable income. Bill is able to do all 
of these things. 
f. If two triangles are congruent, their corres-
ponding altitudes are equal. The altitudes 
of these two triangles are equal. 
g. Tangents to a circle from an external point 
are equal. These tangents are not equal. 
h. If x is a positive number, then 2x is a 
positive number. 
i. If today is Friday, then tomorrow will be 
Saturday. Yesterday was not Thursday. 
j. If today is Friday, then yesterday was Thurs-
day. Today is not Friday. 
G. Comparison of indirect proof ("reductio ad absurdum") and 
direct proof by the law of the contrapositive. 
Consider the indirect 
When two lines are 
alternate-interior 
are parallel. -
.) 
proof of the geometric theorem: 
cut by a transversal, if a pair of 
angles are equal, then the two lines 
A 
A M 
G ]) 
13 
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Given: AM and DG, cut by transversal JB at I 
and L, respectively, making 41 and 2. lf-1 = ..f 2. 
Conclusion: AM II DG. 
Method of Proof: Assume the theorem is false. 
p: ~1= 4-2 q: AM II DG 
r: AM and DG meet in point p 
s: LMP is a triangle, and 4-1 > t2· 
1. It is false that if 1 = 2, then AM DG. 
1. """' (p -:> q) T 
1. Assumed 
2. +1 = t}2, and AM ..#1' DG is equivalent to ( 1). 
2. ..,_, ( p -;> q) <-:) p " /1..1 q T 
2. Proved previously 
3. + 1 = f 2, and AM ,ff' DG 
3. P 1\ -v q T 
3. Modus ponens 
4. + 1 = +2 4. P T 4. Conjunctive simplification 
5. AM II DG 
5. ~q T 
5. Ibid 
6. If AM Af' DG, then AM and DG meet in a point P. 
6. I'Vq --;) r T 
6. Definition of parallel lines 
?. AM and DG meet in a point p 
7. r T 
?. Modus ponens 
8. LMP is a A and 4-1 /' 4-2. 
8. s T 
8. Definition of A , and exterior 
of A )'remote interior + . 
Proved in geometry. 
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9. If IMP is a A , and if ~ 1 7 4-2, then ~1 t= + 2. 
9. s-~IVp T 
9. Direct reasoning 
10. 
.f-1# 4-2 
10. 1"'\)p T 
10. Modus ponens 
11. 4-1 = 2i-2, and +ll= 4- 2 
11. p A .-vp T 
11. Conjunction of 4 and 10 
12. This is a contradiction 
12 • tV ( p I\ N p ) T 
12. Law of contradiction 
13. It is not true that lJ- 1 = f 2, and f 1 'I l- 2. 
13. p I\ N p F 
13. Contradicts a law 
14. If it is not true that f 1 = + 2, and .f 1 'I + 2, then statements 1 - 10 are false. 
14. s1 - s10 -> s13 T 
"""" sl3 T 
-v 31 - Slo T 
and 
'V [ /\.1 (p -:> q) 
14. Contrapositive inference 
and modus ponens 
15. It is true that if l- 1 = 1-2, then AM If DG, 
and the theorem is proved. 
15. N [N(p -) q)] (-;) 
p -::)q T 
15. Tautology 
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Now consider the same theorem proved by using the contra-
positive in a direct proof. This type of proof rests on 
the fact that a statement and its contrapositive have the 
same truth value; therefore, we can just as well prove 
the truth of the contrapositive as the truth of the 
original implication. If the contrapositive is easier to 
use, we may choose this method. 
Theorem: If alternate-interior angles are equal, then 
the two lines are parallel. 
Contrapositive: If two lines are not parallel, then the 
alternate-interior angles are not equal. 
Given: AM ){ DG 
Conclusion: ~ 1 
Method of Proof: 
i -}2. 
Direct 
1. 
2. 
3. 
p: alternate-interior angles are equal 41 = + 2 
q: two lines are parallel AM II DG 
r: AM and DG meet in a point p 
S: LMP is a .Li , and 4- 1 / 4- 2. 
AM Jr DG 
1. I"Vq T 
1. Given 
If AM f DG, then AM and DG meet in some point P. 
2. N q ->r T 
2. Definition of parallel lines 
AM meets DG in point P. 
3. r T 
3. Modus ponens 
It AM meets DG in point P, then LMP is a LJ , and 
4- 1 7 f 2. 
4-
4-
r -> s T 
Definition of ..6 , and exterior 4 
of a .Ll ./ remote interior 
Proved in geometry. 
5., LMP is a Ll , and ..f 1 7 1- 2. 
5. s T 
5. Modus ponens 
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6. If LMP is a L!:. , and ~ 1 ? '1- 2, then 
~1 1:+2. 
6. s -> "'p T 
6. Direct reasoning 
7. ~ 1 , + 2. 
7. "'-'P T 
7. Modus ponens 
8. If AM ¥ DG, then .J. 1 1 4- 2, and the contra-
positive of the original theorem is proved. 
8. /'\Jq -::> r T 
r -> s T 
. ..-vq-~s T .. 
s --;} ..-v p T 
0 /'V q -~/Vp T 0 • 
8. Syllogisms 
Statements 2, 4, 6. 
G. Other forms of proof: 
1. Proof of existence. Before trying to solve a problem, 
especially a knotty one, it is a good idea to establish 
in advance that there is a solution. To ~ive such 
assurance, mathematicians have developed existence 
theorems" such as this: 
If a, b, and c are real numbers, such that a # o, then 
there exist two complex numbers x which satisfy the 
equation: 
ax2 + bx + c = o 
The chief method of proof for this type of theorem is a 
constructive one. We simply check in this particular 
case that 
-b + \1 b2 - 4ac 
2a 
and 
both satisfy the equation given. 
-b - '.J b2 - 4ac 
2a 
2. Disproof by contradiction. If we have difficulty proving 
a given theorem, then we may try to disprove it by con-
tradiction. 
). 
4. 
89 
Here we assume that the given statement is true, and 
then we derive consequences from the assumption. If 
one of the consequences contradicts a known theorem, 
then we have shown that the given theorem is false. 
Consider an obvious example: 
All triangles are equiangular. 
Instead of trying to prove the statement, we will assume 
that it is true. If it is true, then all right tri-
angles are equiangular. But a right triangle has a 90° 
angle. If it is equiangular, it must have three 900 
angles. But this contradicts the known theorem that 
the sum of the angles of a triangle is 18oo. 
Disproof by counterexample. This method is valuable 
in handling statements involving quantifiers V x• 
To disprove V x p, all we need to do is prove its 
negation 3 x ( ,..... p). 
Given the statement: All parallelograms are rectangles, 
all we need to disprove it is one parallelogram that is 
not a rectangle. 
This is easy to construct. 
By showing that one exists, we prove that the given state-
ment is false. 
Again, 
For all x, x: a real number, _!_ = b. 
There exists an x, x: 0, x 
for which _!_ ; b, but is indeterminate 
X 
While counterexample is a valuable and valid procedure 
for disproof, it is most important to remember that 
verification of a theorem by a number of special cases 
does not prove the theorem. 
Indirect proof by exclusion. This is an extension of 
the "reductio ad absurdum" method of indirect proof. 
In the latter there are only two possibilities, and we 
show that one of these leads to a contradiction. 
In the exclusion method there are more than two pos-
sibilities. We enumerate all of them and show that 
all but one lead to a contradiction. 
Use this method to prove the theorem: 
Two lines in the same plane, parallel to the 
same line, are parallel to each other. 
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5. Indirect proof by coincidence (geometry}. This 
consists in constructing a figure which possesses 
required proportions and then showing that it 
coincides with the given figure. Find examples 
of this in your geometry text. 
Using this method, prove the theorem: 
If a line is perpendicular to one of two 
parallel lines, it is parallel to the other 
also. 
H. It is very important to realize that the laws of logic 
and the rules of inference are the basis of sound, clear 
thinking in non-mathematical arguments also. 
Consider this argument: 
Given: If Herman barks, he is a dog. 
If Herman brays, he is not a dog. 
Conclusion: If Herman barks, he does not bray. 
p: Herman barks. 
q: Herman is a dog. 
r: Herman brays. 
Given: p -> q 
r -> { .-v q) 
Conclusion: p -:> ;"1..1 r. 
Proof: 1. p ~ q 
2. r -> --vq 
3. q-.>~r 
4. P -> ""-' r 
We have proved the implication. 
given 
given 
contrapositive of S2 
syllogism of sl, 3 
Our method employed the contrapositive law and the rule 
of the syllogism. 
How else could we have proved the argument? 
Collect three or four editorials. Find arguments; set 
them up in the form of implications. Prove or disprove 
them. 
Go back to the exercises in III. F. 8. See how many 
methods of proof you can apply in each case. Determine, 
in each case, which is preferable. 
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TEST on LOGIC 
Use answer sheet. Time: 40 minutes 
Possible Score: 27 
I. Write the 
Example: 
negation in words and in symbols: 
All squares are quadrilaterals. 
Negation - Some square(s) is (are) 
not quadrilateral(s). 
l'lJ [v 4-- (p)] <-> 3~ (.-vp) 
1. No advanced students attend that school. 
2. Some students like logic. 
3. Mary is going and Joe is staying. 4. This triangle is equilateral if it is equiangular. 
II. By means of a truth table test each of the following ex-
pressions to determine whether it is a tautology: 
1. [ p" ( Q V R )] ~-> [ ( p A Q) V ( p 1\ f? )] 
2. [ ( p -> Q ) -:> R] <-> [ p -> ( Q -> R ) ] 
3. [I'V ( P<-> Q )] <-> ["" P Y. ""-' Q] 
III. In each ease the initial statement is to be accepted as 
true. On the basis of logical reasoning (not other 
knowledge), label each of the following statements as 
true T, false F, or doubtful D. 
A. If the diagonals of a quadrilateral bisect each other, 
then the figure is a parallelogram. T 
1. If a quadrilateral is a parallelogram, then the 
diagonals bisect each other. 
2. If the diagonals of a quadrilateral do not bisect 
each other, then the figure is not a parallelogram. 
3. If a quadrilateral is not a parallelogram, then 
the diagonals do not bisect one another. 
B. If a line AB is a midline of a triangle, it is parallel 
to the third side. T 
1. If a line AB is not parallel to the third side of a 
triangle, then AB is not the mid-line of the triangle. 
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2. If a line AB is not the mid-line of a triangle, 
it is not parallel to the third side. 
). If a line AB is parallel to the third side of a 
triangle, it is the mid-line of the triangle. 
C. Some sophomores study geometry. T 
1. Some sophomores do not study geometry. 
2. All sophomores study geometry. 
3. All who study geometry are sophomores. 
IV. Assuming the following statements are true, write a true, 
conclusion if you can. Indicate the fact if a true con-
clusion cannot be reached. (Do not use other facts.) 
Construct proofs in symbolic form. Give reasons. 
Example - Given: 1. If a triangle is isosceles, it has 
equal base angles. 
2. This triangle does not have equal 
base angles. 
Conclusion: This triangle is not isosceles. 
1. p ---7 q 
2. /V q 
3. ..-v p 
T 
T 
T 
given 
given 
contrapositive 
inference 
A. 1. If m is parallel to n, then angle a = angle b 
2. m is parallel to n 
B. 1. If a = b and b = 5, then a = 5 
2. a = b 
3. b = 5 
c. 1. If angle BAC is inscribed in circle 0, then it is 
measured by 1/2 the intercepted arc BC. 
2. Angle BAC is not measured by 1/2 the arc BC. 
D. 1. If ABC is a right triangle, then AC2 = AB2 + ac2 
2. KC2 = AB2 + Bc2 
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PRE-TEST 
Time: 40 minutes Possible Score: 54 
A. Some of the following arguments are valid, and some are in-
valid. On your answer sheet mark the numbers corresponding 
to valid arguments V and mark those corresponding to in-
valid arguments I. In the space at the bottom of the answer 
sheet explain what is wrong with the reasoning in the 
invalid arguments. Each opening statement is assumed true. 
Follow these samples: 
El. Boston is larger than Worcester in population. 
Therefore, Worcester has as many people as Boston. 
E2. A quarter is worth five nickels; five nickels will 
buy more than a quarter. 
E3. All students at M. I. T. like to study. Therefore, 
some people who like to study go to M. I. T. 
Answers: El. I E2. I E3. V 
El. If Boston is larger than Worcester in 
population, it must have more people. 
E2. If a quarter has the same value as five 
nickels, then whatever a quarter will 
buy, five nickels will also buy. 
1. Joan is younger than Jim. Therefore, Jim is Joan's 
senior. 
2. If Joe is guilty, then the fingerprint on the glass is 
his. The fingerprint is not Joe's. Therefore, Joe is 
not guilty. 
3. If the dress is red, then she will buy it. She will 
not buy the dress. Therefore, the dress is not red. 
4. Accidents happen on the best patroled highways. That 
car just hit a truck on the highway and overturned. 
That highway is well patroled. 
5. All successful workers like their jobs. Bob is a suc-
cessful worker. Therefore, Bob likes his job. 
6. All wood is combustible. This material is not com-
bustible. This material is not wood. 
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7. Good physicists understand mathematics. Tom understands 
mathematics. Tom is a good physicist. 
8. All students except basketball players may join the glee 
club. The members of the drama club are not basketball 
players. The members of the drama club may join the 
glee club. 
9. You should either tell the truth or keep your comments 
to yourself. Drucilla never voices a comment. Drucilla 
is a great liar. 
10. No one but Central High students are allowed to parti-
cipate in the games. Mary is a Central High student. 
She is allowed to participate in the games. 
11. Some people go to the zoo. All people who go to the 
zoo like animals. Some people who like animals go to 
the zoo. 
12. No honest students cheat on tests. Most of our sopho-
mores are honest. None of our sophomores cheat on tests. 
13. Crises arise in the best-equipped hospitals. The power 
failed last night in the Clarke Hospital. The Clarke 
Hospital is a well-equipped hospital 
14. If Jeanne is hungry, she will eat. She is not hungry. 
She will not eat. 
B. In each of the groups below, the initial statement is assumed 
true. On your answer sheet mark the numbers corresponding 
to each of the following statements in each group F {false), 
T (true), or D (doubtful) on the basis of the first statement. 
Follow the sample: 
E. No one likes to have his reputation smirched. 
a. Some people do not like to have their 
reputation smirched. 
b. Everyone likes to have his reputation 
smirched. 
c. Some people like to have their reput-
ation smirched. 
(assumed true) 
Answers 
a. T 
b. F 
c. F 
d. Everyone dislikes having his reputation 
smirched. 
e. A few people try to protect their reput-
ation from being smirched. 
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d. T 
e. D 
1. Some old people are up to date. 
2. 
a. Some young people are up to date. 
b. No old people are out of date. 
c. All old people are up to date. 
d. Some who are up to date are old people. 
e. Some old people are not up to date. 
All 
a. 
b. 
c. 
d. 
e. 
children like to eat ice cream. 
No children like to eat ice cream. 
Some children like to eat ice cream. 
Some children don't like to eat ice cream. 
All who like to eat ice cream are children. 
No children dislike eating ice cream. 
3. Some fishermen like to tell tales. 
a. All fishermen like to tell tales. 
b. Some who like to tell tales are fishermen. 
c. Some fishermen do not like to tell tales. 
d. Those who are not fishemen like to tell tales. 
e. No fishermen like to tell tales. 
4. Some educators oppose higher education for women. 
a. No educators oppose higher education for women. 
b. Some people do not oppose higher education for women. 
c. Everyone opposes higher education for women. 
d. Some people advocate higher education for women. 
e. Everyone opposes higher education for women. 
c. On your answer sheet write valid conclusions for the follow-
ing arguments if a valid conclusion can be drawn. If a 
valid conclusion cannot be drawn, write N.C. Follow the 
sample: 
E. 1. If a man dies for his friend, he is a hero. 
Sydney Carton died for his friend. 
E. 2. Unstat has a treaty with Usarat. Usarat has a treaty 
with Gribit. 
Answers: 
E.l. Sydney Carton was a hero. E.2. N.C. 
1. Most good citizens would not listen to his plan. Since 
Mr. Ivanov listened to his plan -----
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2. Only if the Student Government president succeeds in 
controlling the after-game riots can he claim to be 
worthy of re-election for the second semester. It 
is now certain that he will succeed in controlling 
the riots. -----
3. If one studies hard, he will pass the test. Jim 
passed the test. Therefore -----
4. Unless an athlete wants to give up some time for 
practice, he cannot hope to be a star. Jack wants 
to be a star. -----
5. If that man were a democrat, he would have voted for 
the Marn Bill. He is a democrat. -----
6. If one does his homework, one will not be punished. 
Steve did his homework. -----
7. Unless people brush their teeth, they cannot hope to 
have good ones. Joe wants good teeth. -----
D. If you would accept the following statements without 
question from the person named, mark Y beside the corres-
ponding number on the answer sheet. If you would not, 
mark N. Then in the space at the bottom of the paper, 
indicate your reasons. Follow the sample: 
E.l. Seventy-year-old pedestrian: "That car was going 
seventy miles an hour when it hit me." 
E.2. Drug store clerk: "I know Jeff Smith planned to 
kill the man who was murdered last night because 
I heard Smith say that he would if the victim did 
not keep his chickens in his own back yard." 
Answers: E.l. N E.2. N. 
E.l. The pedestrian would hardly live to tell it; how 
would a pedestrian measure speed? 
E.2. Most likely - just talk in fit of anger - hardly 
serious enough to matter. 
1. University professor of mathematics: "The information 
in that new book has been well-known to mathematicians 
for 200 years." 
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2. Janitor at the Acme Go-Cart Building: "The president 
of Acme will certainly go bankrupt unless he manages 
to monopolize the market." 
3. A man with a seeing-eye dog: "There's the man who 
caused the accident at the intersection." 
4. Unidentified television commentator: "The Republo-
crat Convention was a farce. The candidates were 
picked and paid." 
5. Peter: "It was a foggy night. I was driving down that 
little country lane that branches off Al at Hopfield 
Crossing. The driver of the dark gray sedan hit the 
woman and drove away." 
6. The president of the Oxford Historical Society: "This 
fossil is over 5000 years old." 
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POST-TEST 
Time: 40 minutes Possible Score: 54 
A. Some of the following arguments are valid, and some are 
invalid. On your answer sheet mark the numbers corres-
ponding to valid arguments V and mark those correspond-
ing to invlaid arguments I. In the space at the bottom 
of the answer sheet explain what is wrong with the 
reasoning in the invalid arguments. Each opening state-
ment is assumed to be true. Follow these samples: 
E.l. Boston is larger than Worcester in population. 
Therefore, Worcester has as many people as Boston. 
E.2. A quarter is worth five nickels; five nickels will 
buy more than a quarter. 
E.J. All students at M. I. T. like to study. Therefore, 
some people who like to study go to M. I. T. 
Answers: E.l. I E.2. I E.J. V 
E.l. If Boston is larger than Worcester in 
population, then it has more people 
than Worcester. Therefore, Worcester 
cannot have so many people as Boston. 
E.2. If a quarter has the same value as five 
nickels, then whatever a quarter will 
buy, five nickels will also buy. 
1. All students at Notre Dame like to play football. 
Therefore, some students who like to play football go 
to Notre Dame. 
2. Accidents happen in the best-regulated families. The 
Smith's car just knocked down a telephone pole. The 
Smiths are a well-regulated family. 
J. All men in that factory are skilled workers. There are 
six hundred men in that factory. Some skilled workers 
are in that factory. 
4. If paintings by Matisse are masterpieces, then they are 
expensive. This painting is not expensive. Therefore, 
this painting is not a masterpiece by Matisse. 
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5. No one but County High students is allowed to go to 
the victory party. Joe is a County High student. 
Joe is allowed to go to the victory party. 
6. If Paul is honest, then the work on this paper is his. 
The work on this paper is not his. Therefore, Paul is 
not honest. 
7. No one under sixteen is allowed to work in that store. 
Jim is eighteen. Jim can work in that store. 
8. Good athletes never ignore health rules. Tom ignores 
health rules. Tom is not a good athlete. 
9. If one is not a faculty member, one may not park in 
that lot. Mr. Jackson is a faculty member. Therefore, 
he may park in that lot. 
10. All students with an A average are eligible for honor 
roll. All students in 201 make an A average. All 
students in 201 are eligible for honor roll. 
11. All the five hundred boys who attend Central High wear 
blue ties. Therefore, some boys who wear blue ties go 
to Central High. 
12. No well-trained puppy chews slippers. Most of Sally's 
puppies are well-trained. None of Sally's puppies 
chew slippers. 
13. Fouls are called on the best basketball players at 
times. A foul was just called on Carol. Carol is one 
of the best basketball players. 
14. If Joanne, Linda and Donna are my cousins, then their 
mother is my aunt. Their mother is not my aunt. 
Therefore, Joanne, Linda, and Donna are not my cousins. 
B. In each of the groups below, the initial statement is assumed 
to be true. On your answer sheet mark the numbers corres-
ponding to each of the following statements in each group F 
(false), T (true), or D (doubtful) on the basis of the first 
statement. Follow the sample: 
E. No one likes to have his reputation smirched. 
(assumed true) 
Answers: 
a. Some people do not like to have their 
reputations smirched. a. T 
c. 
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b. Everyone dislikes having his reputation 
smirched. b. T 
c. Some people like to have their reputation 
smirched. c. F 
d. Everyone likes to have his reputation 
smirched. d. F 
e. A few people try to prevent their reputa-
tion from being smirched. e. D 
1. Some modern inventions are useless. 
a. Some ancient inventions are useless. 
b. No modern inventions are useful. 
c. All modern inventions are useless. 
d. Some inventions that are useless are modern. 
e. Some modern inventions are not useless. 
2. Some boys like to piay football. 
a. All boys like to play football. 
b. Some who like to play football are boys. 
c. Some boys do not like to play football. 
d. Those who are not boys like to play football. 
e. No girls like to play football. 
3. All children like to watch television. 
a. Some children like to watch television. 
b. No children like to watch television. 
c. Some people do not like to watch television. 
d. All who like to watch television are children. 
e. No children dislike watching television. 
4. All children get colds. 
a. No children get colds if they take anti-cold pills 
b. Some children get colds. 
c. Some children do not get colds. 
d. Some adults take colds even if they take anti-cold 
pills. 
e. No children do not get colds. 
On your answer sheet write valid conclusions 
lowing arguments if valid conclusions can be 
valid conclusion cannot be drawn, write N.C. 
samples: 
for the fol-
drawn. If a 
Follow the 
E.l. If a man dies for his friend, he is a hero. Sydney 
Carton died for his friend. -----
E.2. Unstat has a treaty with Ussrat. Ussrat has a treaty 
with Gribit. -----
Answers: E.l. Sydney Carton was a hero. E.2. N.C. 
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1. Unless a student is willing to give up some social 
affairs, she cannot hope to win scholastic honors. 
Sally wants to win a scholarship. -----
2. Milk makes children grow strong and healthy. Aloysius 
does not like to drink milk. -----
3. Unless one runs in the race, he cannot hope to win. 
Mark hopes to win. -----
4. Most good players would not try that technique. Since 
Paul used it, -----
5. If an author's books are widely read, he is successful. 
Faulkner's books are widely read. Therefore, -----
6. If a swimmer does not train for three hours a day, he 
cannot hope to make the team. Jim trains for three 
hours a day. -----
7• If she were young, she would have danced. She danced. 
D. If you would accept the following statements from the person 
named without question, mark Y beside the corresponding 
number on the answer sheet. If you would not, mark N. Then 
in the space at the bottom of the page, indicate your reasons. 
Follow the samples: 
E.l. Seventy-year-old pedestrian: "That car was going 
seventy miles an hour when it hit me." 
E.2. Drug store clerk: "I know Jeff Smith planned to kill 
the man who was murdered last night because I heard 
Smith say that he would if the victim didn't keep his 
chickens in his own back yard." 
Answers: E.l. N E.2. N 
E.l. The pedestrian would hardly live to tell 
it; how would the pedestrian measure speed? 
E.2. Most likely just talk in a fit of anger--
hardly serious enough to matter. 
1. A department store clerk: "Her death was not accidental. 
I heard her say that she would die before she would pay 
$60 for a prom gown." 
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2. University professor of f.hysics: "That painting is 
not a genuine Rembrandt. 1 
3· Woman reading through a magnifying glass: 
parlor window I saw Paul Sanders take the 
of his pocket and throw it off the bridge 
corner of the street." 
"From my 
knife out 
at the 
4. Eighty-year-old man wearing a hearing aid: "From 
my bed I heard it--a ladder being dragged the length 
of the driveway and pushed against the garage, then 
the heavy steps going up the ladder, walking across 
the roof, the opening of the Murphy's window. Five 
minutes later, there was a thump. The steps came 
back across the roof and down the ladder, and the 
ladder was dragged back down the driveway." 
5. Teacher of French literature: "Augustus De Morgan 
was not a mathematician." 
6. Head mechanic in a large garage: "Madam, that axle 
will have to be replaced if you don't want to have 
an accident." 
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TEST ON GEOMETRY 
Use Answer sheet. Time: 45 minutes 
Possible Score: 55 
A. Assuming the following statements are true, write a con-
clusion. If one cannot be validly drawn, write N.C. 
(Use both geometric knowledge and valid reasoning.) 
1. Hyp. (1) If the sides of a triangle have a 3:4:5 
ratio, the triangle is a right triangle. 
Hyp. (2) This triangle does not have sides in a 
3:4:5 ratio. 
Conclusion: 
2. Hyp. (1) If all 3 medians of a triangle are equal, 
the triangle is equilateral. 
Hyp. (2) This triangle is equiangular. 
Conclusion: 
3. Hyp. (1) If a parallelogram has 2 equal diagonals, 
then it is a rectangle. 
Hyp. (2) This parallelogram is not a rectangle. 
Conclusion: 
4. Hyp. (1) Some rhombuses are squares. 
Hyp. (2) This quadrilateral is not a square. 
Conclusion: 
5. Hyp. ( 1) If a quadrilateral has 4 right angles and has 4 equal sides, it is a square. 
Hyp. (2) This rectangle has 4 equal sides. 
Conclusion: 
6. Hyp. (1) If a parallelogram is equilateral, it is a 
rhombus. 
Hyp. (2) This parallelogram is a square. 
Conclusion: 
7. Hyp. (1) a is perpendicular to b. 
8. 
HYp. (2) c is parallel to a. 
Hyp. (3) a, b, and c are all in the same plane. 
Conclusion: 
Hyp. ( 1) 
Hyp. ( 2) 
If 2 ~ are -~ , they are 
~ ABC "--" .6.. DEF 
Conclusion: 
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9. Hyp. (1) All drum corps fans have drum corps spirit. 
Hyp. (2) Mary has corps spirit. 
Conclusion: 
10. Hyp. (1) If a straight line is dropped from the vertex 
of an isosceles triangle, then the line is perpendicular 
to the base and bisects the base. 
Hyp. (2) The base AB is bisected by CD. 
Conclusion: 
11. Hyp. (1) If in a LJ fA = 4 B = f C, then the side 
Ab=BC=CA. 
Hyp. ( 2} 1- B = t C. 
Conclusion: 
12. Hyp. (1) If ~ A = 60° and ~ B, in the same triangle, 
= 30°, then f C is a right 4-- • 
Hyp. ( 2) _,f B >- 300. 
Conclusion: 
13. Hyp. ( 1) 
Hyp. ( 2) 
Conclusion: 
~ ABC is isosceles. 
Jf- A = 92° 
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14. Hyp. (1) If a line meets the vertex of an angle and 
divides it into 2 equal parts, it is the bisector of 
the angle. 
Hyp. (2) XY meets the vertex of angle KLM. 
Conclusion: 
15. Hyp. (1) If 2 angles of a triangle are unequal, the 
side opposite the greater angle is greater. 
Hyp. (2) BC ? AC 
Conclusion: 
16. Hyp. (1) An intelligent student will master Greek if 
he has a good teacher. 
Hyp. (2) John who is very intelligent has mastered 
Greek. 
Conclusion: 
17. Hyp. (1) If a nation is aggressive, it has a large 
military force. 
Hyp. (2) Nation X has a large military force. 
Conclusion: 
18. Hyp. (1) If a student is to study chemistry, he should 
have had at least two years of mathematics. 
Hyp. (2) Jim has had three years of mathematics. 
Conclusion: 
19. Hyp. (1) If a person is a student in the school, he has 
a registration card. 
Hyp. (2) Joe is a student in the school. 
Conclusion: 
20. Hyp. (1) If a boy is a good swimmer, he will not drown 
when the canoe tips over. 
Hyp. (2) Jack was not drowned when his canoe tipped over. 
Conclusion: 
117 
B. Write the converse of the following statements assumed to 
be true. Tell whether each converse is necessarily true 
(T) or not necessarily true, (N). (Use both geometry and 
valid reasoning.) 
1. If a quadrilateral is a square, the opposite sides are 
parallel. 
2. If a man lives in Boston, he lives in Massachusetts. 
3. Students who are in the Glee Club are excused from 
Assembly. 
4. If x = 4, then 2x + 3 = 11. 
5. Two angles are supplementary if they are adjacent with 
their exterior sides in a straight line. 
6. If two angles are vertical, they are equal. 
7. A person cannot study well if he is fatigued. 
8. If a point lies on line LMN between L and M. then it 
lies between Land N. 
9. If two opposite angles of a quadrilateral are supple-
mentary, the quadrilateral can be inscribed in a circle. 
10. In the same circle or in equal circles, equal chords 
are equidistant from the center. 
C. Assume the given statements true. Tell whether the con-
clusion drawn is true {T), false (F) or doubtful (D). 
(Use both geometric knowledge and valid reasoning.) 
1. Hyp. (1) In triangle ABC, angle A = 60°. 
Hyp. (2) AB 7 CB 
Conclusion: Angle B 7 angle C. 
2. Hyp. (1) If the cost of books increases, then the 
students' expenses will be higher this year. 
Hyp. (2) The students' expenses are higher this year. 
Conclusion: The cost of books has increased. 
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3. Hyp. (1) If an angle is not 900, it is not inscribed 
in a semicircle. 
Hyp. (2) Angle A= 90°. 
Conclusion: Angle A is inscribed in a semicircle. 
4. Hyp. (1) A circle can be circumscribed about a regular 
polygon. 
Hyp. (2) This polygon has a circle circumscribed about 
it. 
Conclusion: This is a regular polygon. 
5. Hyp. (1) The altitudes of a triangle meet in a point. 
Hyp. (2) These three lines do not meet in a point. 
Conclusion: They are not altitudes of a triangle. 
6. Hyp. (1) In triangle ABC, side a= 8 inches. 
Hyp. (2) Side b = 5 inches. 
Conclusion: 3 inches ~ side c L 13 in. 
1. Hyp. (1) The midpoint of the hypotenuse of a right 
triangle is equidistant from the three 
vertices of the triangle. 
Hyp. (2) In triangle ABC, where D is 
the midpoint of AC, BD = 6. 
Conclusion: AC = 12. 
8. Hyp. (1) All sophomores study geometry. 
Hyp. (2) Some sophomores like geometry. 
Conclusion: Some sophomores do not like geometry. 
9. Hyp. (1) If from a point outside a circle 
a secant and a tangent are drawn, the 
tangent is the mean proportional between 
the secant and its external segment. 
Hyp. (2) AB = 6 
Conclusion: CB = 15. 
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10. Hyp. (1) Jim is either John's senior or Jack's 
junior. 
Hyp. (2) Jim is older than Jack. 
Conclusion: John is older than Jack. 
D. Complete the analysis of the following proof: 
The segment joining the mid-points of two sides of a 
triangle is parallel to the third side and equals one-
half of it. 
Hyp.: In triangle ABC, AD = DB and AE = EC 
Conclusion: DE II BC, DE -= t BC 
Statement 
1. Extend DE to F, making EF = DE, and draw CF. 
2. AE = EC 
3. 
4. 
5. 
6. 
7. 
f 3 = 
DE = EF 
~ ADE 
f 1 = 
CF 1/ DB 
8. CF = AD 
9. AD • DB 
10. CF = DB 
+ 4 
~'-' 11 CFE 
4-2 
(or AB) 
11. BCFD is a parallelogram 
12. DE (or DF) iJ BC 
13. DF = BC 
14. DE • t DF 
15. DE • t BC 
Analysis 
1. 
2. 
3-
4. 
5. 
6. 
7-
8. 
9. 
10. 
11. 
12. 
13. 
14. 
15. 
APPENDIX G 
121 
questionnaire on Logic Unit 
1. Did you actually keep to the six weeks' allotment of 
time? If not, what did you do? 
2. If you taught logic spread out with geometry, over how 
many weeks did you teach the logic? Approximately how 
many hours did you spend on it? 
3. Did you consider the six-weeks' allotment too long or 
too short, or about right? 
4. Would you suggest any additions, omissions or modi-
fications in the subject matter? 
5. Were there any portions you considered too difficult 
for your class? Specify which. 
6. Could you summarize student reactions? 
7. Your own reactions? Did you enjoy teaching the unit? 
Do you think the time was well spent? Will you use the 
unit again? How? Did you use it with any group other 
than the sophomores in the experiment? 
8. Apart from measured results, do you think that your class 
profited by the experience? Why? How? 
9. Do you 
logic? 
Do you 
school 
think the sophomore year is too early to introduce 
What about teaching it to freshmen? To seniors? 
really believe in teaching it at all on the high 
level? 
10. Further comments? 
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SUB-DIVISION OF PRIMARY NULL HYPOTHESES 
HYPOTHESIS 5 
There is no difference in ge~metry achievement between students of 
I. Q. LEVEL who have studied LOGIC and students of I. Q. LEVEL who have studied 
a. low . . . . . . . . . as a unit . . . . . . . . low . . . . . . . . 
b. low . . . . . . . . . concurrently . . . . . . . . low . . . . . . . . 
with geometry 
c. low . . . . . . . . . unit . . . . . . . . low . . . . . . . . 
d. middle . . . . . . . . unit . . . . . . . . middle . . . . . . . . 
e. middle • • . . . . . . . concurrently . . . . . . . . middle . . . . . . . . 
f. middle . . . . . . . . . unit . . . . . . . . middle . . . . . . . . 
g. high . . . . . . . . . unit . . . . . . . . high . . . . . . . . 
h. high . . . . . . . . . concurrently . . . . . . . . high . . . . . . . . 
i. high . . . . . . . . . unit . . . . . . . high . . . . . . . . 
j. low . . . . . . . . . unit . . . . . . . . middle . . . . . . . . 
k. low . . . . . . . . . unit . . . . . . . . high . . . . . . . . 
1. middle . . . . . . . . . unit . . . . . . . . high . . . . . . . . 
m. low . . . . . . . . . concurrently . . . . . . . . middle . . . . . . . . 
n. low . . . . . . . . . concurrently . . . . . . . . high . . . . . . . . 
o. middle . . . . . . . . . concurrently . . . . . . . . high . . . . . . . . 
continued on page 124 
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LOGIC 
• not at all 
. not at all 
. concurrently 
. 
. 
. 
. 
. 
. 
. 
. 
. 
. 
. 
. 
not at all 
not at all 
concurrently 
not at all 
not at all 
concurrently 
unit 
unit 
unit 
concurrently 
concurrently 
concurrently 
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p. 
q. 
r. 
a. 
b. 
c. 
d. 
e. 
f. 
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HYPOTHESIS 5 continued 
I. Q. LEVEL who have studied LOOIC and students of I. Q. LEVEL who have studied LOOIC 
low . . . . . . . . . not at all . . . . . . . . . middle . . . . . . . . . not at all 
low . . . . . . . . . not at all . . . . . . . . . high . . . . . . . . . not at all 
middle . . . . . . .•• not at all . . . . . . . . • high . . . . . . . . . not at all 
HYPOTHESIS 6 
Same as 5, replacing I. Q. level by reading ability in each case 
HYPOTHESIS 7 
There is no significant difference in geometry scores between students of 
and who have studied and students of and who have studied 
I. Q. LEVEL R. A. LEVEL LOGIC I. Q. LEVEL R. A. LEVEL LOGIC 
low . . . . low . . . . . unit . . . . . . middle . . . . low . . . . . • unit 
low . . . . low . . . . . concurrent:cy. . . . . . middle . . . • low . . . . . . concurrently 
low . . . . low . . . . . not at all • . . . . . middle . . . • low . . . . . • not at all 
middle . . . . middle . . . . . unit . . . . . . low . . . • middle . . . . . • unit 
middle . . . . middle . . . . • concurrently . . . . . low . . . • middle . . . . . . concurrently 
middle . . . . middle . . . . . not at all . . . . . . low . . . • middle . . . . . • not at all 
continued on page 125 ....... 1\) 
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g. 
h. 
i. 
j. 
k. 
l. 
m. 
n. 
o. 
p. 
q. 
r. 
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HYPOTHESIS 7 continued 
and who have studied and students of and who have studied 
I. Q. LEVEL R. A. LEVEL LOOIC I. Q. LEVEL R. A. LEVEL LOOIC 
low . . . . low . . . . . unit . . . . . . high . . . • low . . . . . unit 
low . . . . low . . . . . concurrently • • • • . high . . •• low . . . . . concurrently 
low . . . . low . . . . . not at all • . . . . . high . . •• low . . . . . not at all 
high . . . . high . . . . . unit . . . . . . low •••• high . . . . . unit 
high . . . . high . . . . . concurrently • . . . . low . ••• high . . . . . concurrently 
high . . . . high . . . . . not at all ••• . . . low . . . • high . . . - . . not at all 
middle . . . . middle . . . . . unit . . . . . . high •••• middle . . . . . unit 
middle . . . . middle . . . . . concurrently • • . . . high . . •• middle . . . . . concurrently 
middle . . . . middle . . . . . not at all • • • • • • high •••• middle . . . . . not at all 
high . . . . high . . . . . unit . . . . . . middle •••• high . . . . . unit 
high . . . . high . . . . . concurrently • • • • . middle . . . • high . . . . . concurrently 
high . . . . high . . . . • not at all • • • . . . middle . . . • high . . . . . not at all 
HYPOTHESIS 8 
Same as 7, interchanging I. Q. level and reading ability level in each case 
I-' 
1\) 
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Intelligence 
Quotients 
Reading 
Ability 
Percentiles 
) 
APPENDIX I 
DESCRIPI'ION OF I. Q. AND READING ABILITY LEVELS 
LEVEL 
high - 2 
middle - 1 
low- 0 
high - 2 
middle - 1 
low - 0 
GENERAL RANGE 
above 120 
110-120 
below 110 
77-99 
48-77 
below 48 
GROUP RANGES 
Eu Es C 
(122-1.40) (121-155) (122-141) 
(110-119) (111-120) (110-119) 
(88-108) (84-107) (90-109) 
(78-99) 
(48-77) 
(9-47) 
(78-99) 
(55-77) 
(15-45) 
(77-99) 
(50-76) 
(12-44) 
) 
I-' 
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This study proposed to determine by experiment the 
effect of the study of symbolic logic on the student's 
achievement in geometry. Its secondary purpose was to test 
the influence of the study of logic on the student's ability 
to solve non-mathematical problems. As a means of teaching 
the nature and value of proof, the study presented a unit on 
symbolic logic taught in conjunction with geometry. 
Current stress on concept as well as content, sus-
tained interest in "the nature of proof," emphasis on the 
"foundations" in mathematics, and experiments with symbolic 
and Aristotelian logic all served to suggest the vitality of 
the problem and to set the direction for the experiment. 
The sample population comprised 324 sophomores from 
13 New England high schools, some public and some private, 
varying in enrollment from 200 to 1000. The classes averaged 
30 students. Two experimental groups and one control group 
were formed. Group Eu studied a six-weeks' unit of logic at 
the beginning of the geometry course; Group Es studied the 
same logic content spread over the geometry course, and 
Group C studied no logic. 
The unit on logic first introduced basic definitions, 
the symbolism for simple statements, the use of connectives, 
and the purpose of truth tables. Tautologies were explained 
and some of the fundamental laws of logic were shown to be 
tautologies. Next followed the concept of quantification 
clarified by the Aristotelian square of opposition and Venn 
diagrams. The section most pertinent for geometry was per-
haps that on proof which discussed converse, inverse, and 
contrapositive, and then applied these to geometry statements. 
Unsatisfactory means of proof were examined and a logical 
method of proof was introduced with an explanation of the 
various rules of logic to be observed. These rules were 
applied to geometry as well as to everyday problems. Finally 
a comparison was drawn between indirect proof and direct 
proof, where the direct proof used the law of the contraposi-
tive. Illustration was made with a full proof of a geometry 
theorem. 
Before the logic was introduced, all groups submitted 
in September to a pre-test on non-mathematical problems 
which served as an equating factor along with intelligence 
quotients and reading ability percentiles to establish the 
comparability of groups. At the end of the first semester 
all groups took an equivalent post-test. A simple analysis 
of variance was made on the scores, followed by t-tests to 
locate the source of the significant differences. A test 
on geometry at the end of the second semester provided the 
measure in a 33 factorial design. The analysis of variance 
was followed by t-tests to determine significance of dif-
ferences in sub-divisions. The three factors were I. Q. 
with three levels: high, middle, and low; reading ability 
with three levels: high, middle, and low; and method of 
logic: unit, concurrent with geometry, and no logic. 
To answer the main question of this study, a series 
of null hypotheses was set up: 
1. There is no significant difference in geometry 
achievement whether the student has studied 
logic or not. 
2. There is no significant difference in geometry 
achievement whether the student has studied a 
logic unit at the beginning of the geometry 
course or not studied logic at all. 
3. There is no significant difference in geometry 
achievement whether the student has studied 
logic interspersed with geometry or not 
studied logic at all. 
4. There is no significant difference in geometry 
achievement whether the logic is studied as a 
unit or is spread out over the study of 
geometry. 
5. There is no significant difference in geometry 
achievement among students of the same or 
different I. Q. levels whether they have studied 
logic by either method or not at all. 
6. There is no significant difference in geometry 
achievement among students of the same or dif-
ferent reading abilities whether they have 
studied logic or not. 
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7. There is no significant difference in geometry 
achievement among students of different I. Q. 
levels and the same or different reading 
ability levels whether they have studied 
logic or not. 
8. There is no significant difference in geometry 
achievement among students of different read-
ing ability levels and the same or different 
I. Q. levels whether they have studied logic 
or not. 
The secondary hypotheses were: 
1. There is no difference in ability to solve non-
mathematical problems between students who have 
studied logic with geometry and students who 
have not studied logic with geometry. 
2. There is no difference in ability to solve non-
mathematical problems between students who 
have studied logic as a unit and students who 
have studied it concurrently with geometry. 
Of the main hypotheses, there was reason to retain 
only the fourth. A t-ratio of 0.25 indicated no significant 
difference between the two methods of logic. There was 
reason to reject all the other main hypotheses because of 
significant differences at the 1% or 5% level. 
There was reason to reject the first of the secondary 
hypotheses at the 1% level and to retain the second on a 
t-ratio of 1.37, not significant at the 5% level. 
Comments of teachers conducting the experimental groups 
indicated, in general, favorable reactions on their own part 
and on the part of the students. All felt that the students 
had profited by the experience and enjoyed it. All felt that 
sophomores could handle the unit on logic and some suggested 
introducing it to freshmen in the second semester. One 
teacher actually taught the unit to freshmen outside of class 
time with satisfactory results. 
Because of the consistent superiority of the results 
of students in both logic groups over those of students with-
out logic, the introduction of a logic unit into the geometry 
course is worth considering in populations similar to the 
sample. The fact that some differences were significant at 
only the 5% or 2% level indicates the need for further ex-
perimentation along the same lines. Since the effect varied, 
though slightly, with the I. Q. and reading ability levels, 
the argument for introducing logic for the better students 
is stronger. Even with the low I. Q. groups there was a 
significance at least at the 10% level. Further investigation 
is advisable. 
The statistics gave no clear indication of the superi-
ority of either method of introducing the logic. In no case 
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was there a significant difference between them for the sample 
population either in success in geometry or in success in non-
mathematical problems. Further experimentation might be 
profitable. 
Since success in non-mathematical problems was also 
significantly different between students in the sample popu-
lation who studied logic and those who did not study it, 
there is another argument in favor of introducing logic. This 
difference, appearing in the analysis of variance and identi-
fied by succeeding t-tests between means of groups, indicated 
that the geometry taught in the sample population did not, 
of itself, improve the ability to handle non-mathematical 
problems. This indication is strengthened by the fact that 
t-ratios on the gains in scores in each experimental group 
from pre-test to post-test were very significant at the 1% 
level, but the gains were not significant at the 5% level 
for the control group. Additional experimentation may clarify 
the relationship of logic to geometry in developing this gen-
eral power of clear thinking. 
Further research suggests itself: 
1. The experiment could be repeated with a larger 
sampling, more precise grouping, and statistically 
reliable tests. 
2. The experiment could be repeated using a one vari-
able method with the other factors held constant. 
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3. A similar experiment could be run to determine the 
effect of a unit in logic on the student's achieve-
ment in algebra. 
4. An experiment could be set up to study the effect 
of logic, apart from mathematics, on growth in 
other areas; e.g. reading, composition, and 
social sciences. 
5. A still more extensive experiment might be profit-
ably devised to study logic as an integrating 
factor throughout secondary school mathematics--
research into the methodology of mathematics. 
